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INTRODUCTION 

ATK  Mission  Research  was  sponsored  by  DARPA’s  Virtual  Soldier  program  to  analytically 
simulate  residual  wound  tracts  and  tissue  dynamics  associated  with  a  survivable  wound  from  an 
explosively  driven  fragment  penetrating  the  left  ventricular  wall  of  the  human  heart.  The  resulting 
ATK  Mission  Research  wound  description  was  used  in  the  D  ARP  A/University  of  Michigan  Virtual 
Soldier  program  as  initial  conditions  for  describing  blood  loss  and  occurrence  of  hemorrhagic 
shock.  The  DARPA/ATK  Mission  Research  Statement  of  Work  (SOW)  is  included  as  Appendix  A. 

The  Mission  Research  effort  consisted  of  three  related  tasks.  In  the  first  task  entitled  Analytical 
Simulation  of  Projectile  Trajectory,  Mission  Research  divided  up  fragments  into  three  geometric 
categories  -  platelet,  “chunky”  fragment,  and  slender  high  aspect  ratio  projectile  -  with  different 
governing  parameters.  For  each  fragment  geometry,  algorithms  were  developed  that  describe 
interaction  of  the  fragment  with  human  tissue  and  resulting  projectile  kinematics  through  different 
tissue  layers  of  the  human  left  ventricular  wall.  Prof.  Andrew  McCulloch,  Ph.D.  (University  of 
California,  San  Diego  -  UCSD)  and  his  team  assisted  Mission  Research  in  executing  the  UCSD 
Continuity  code  to  develop  quasistatic  constitutive  models  for  the  various  layers  of  tissue  through 
the  left  ventricular  wall.  From  these  quasistatic  models,  high  strain  rate  tissue  property  data  was 
developed  by  Mission  Research  for  input  into  projectile  retardation  models.  The  retardation  models, 
which  are  specific  to  the  various  fragment  geometry  classes,  describe  projectile  deceleration  during 
tissue  penetration  and  were  also  developed  by  Mission  Research  in  this  first  task. 

In  the  second  task  entitled  Analytical  Simulation  of  Wound  Tract,  Mission  Research  used  the 
projectile  velocity  retardation  and  trajectory  models  developed  in  Task  1  as  input  conditions  to  a 
transient  tissue  response  model  developed  in  subtask  2.1  to  simulate  tissue  displacement  lateral 
to  the  projectile  trajectory  in  subtask  2.2.  The  permanent  tissue  displacement  was  used  to 
simulate  the  residual  wound  tract  which  was  then  integrated  into  the  Human  Holomer  developed 
by  the  University  of  Michigan  for  DARPA’s  Virtual  Soldier  project. 

In  the  final  technical  task  entitled  Ballistic  Experiments  on  Tissue  and  Surrogate  Materials, 
ballistic  impact  experiments  were  conducted  with  custom  designed  launchers  and  projectiles  on 
instrumented  homogeneous  and  non-homogeneous  ordnance  gelatin  targets.  The  data  from  these 
experiments  were  correlated  with  output  from  Task  1  and  2  models. 

Two  additional  tasks,  unrelated  to  the  base  effort  described  above,  were  added  to  the  Mission 
Research  SOW.  The  first  of  these  tasks  included  using  a  modified  Nail  Gun  developed  by  the  US 
Army  Institute  of  Surgical  Research  (ISR)  on  ordnance  gelatin  targets  and  comparing  residual 
damage  produced  in  the  gelatin  by  the  ISR  Nail  Gun  as  compared  to  the  residual  damage  from 
ballistic  experiments.  A  separate  letter  report  and  a  DVD  with  high-speed  digital  video  of  all 
experiments  were  sent  under  separate  cover  for  this  task.  The  second  task  included  conducting 
hydrocode  analysis  of  body  armor  S  API  plates  subject  to  non-penetrating  projectiles  and  blast  and  is 
discussed  in  Appendix  O. 
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TASK1 

Projectile  Retardation  and  Trajectory  Modeling 


The  principal  activity  in  this  task  was  to  develop  a  model  that  describes  velocity  retardation  and 
trajectory  of  the  projectile  center-of-mass  as  it  penetrates  human  tissue.  The  model  must  use 
independently  measured  target  mechanical  properties  that  is  typically  available  for  human  tissue 
as  input.  This  is  important  since  ballistic  test  data  will  not  be  available  for  human  subjects  and 
only  limited,  quasistatic  human  tissue  mechanical  property  data  is  available.  We  therefore 
formulated  a  projectile  retardation  model  where  given  data  relative  to  penetration  depth  versus 
striking  velocity  derived  from  ballistic  experiments  on  a  known  projectile  target  combination, 
where  the  penetration  physics  are  phenomenologically  similar  to  human  tissue,  a  similar  relation 
can  be  derived  for  an  unknown  projectile-target  combination  (in  this  case  human  tissue)  provided 
that  projectile  properties,  striking  conditions,  and  target  material  properties  are  known.  We 
successfully  validated  the  methodology  by  conducting  ballistic  penetration  experiments  on 
different  formulations  of  gelatin  and  predicting  velocity  retardation  and  projectile  kinematics 
where  only  quasistatic  mechanical  properties  where  known  for  the  gelatin  formulations. 

In  this  task  three  categories  of  fragments  were  modeled  (cf.  Figure  1).  The  first  category  is  a 
platelet  with  length  to  diameter  ratio  (L/D)  — >  8  (i.e.,  fragment  thickness  dimension  is  very 
small).  The  mean  amplitude,5,  of  the  irregular  boundary  about  the  platelet  is  user  specified.  The 
second  category  is  a  “chunky  fragment”  that  is  symmetrical  with  length  to  diameter  ratio  (L/D)  ~ 
1.  In  general  this  projectile  can  be  represented  as  an  “equivalent  sphere”  in  terms  of  its 
penetration  characteristics.  The  third  category  is  a  non-symmetric  fragment  with  a  user  specified 
L/D  where  1  <  L/D  <  2.  We  have  used  as  a  nominal  example  of  this  fragment  category  a  cylinder 
with  a  leading  edge  geometry  that  is  a  wedge  where  the  angle  of  the  wedge  is  user  specified.  An 
example  of  this  fragment  is  shown  in  Figure  2  and  is  being  used  in  the  Task  3  ballistic 
experiments. 


D  Platelet 


□  “Chunky”  Equivalent  Sphere 

-  Symmetric  L  ^ 

D  ~ 


L 


D  “Slender”  High  Aspect 

-  Asymmetric 


FIGURE  1.  Models  for  three  fragment  categories 
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FIGURE  2.  30  Caliber  “Wedge  Projectile”  used  in  Task  3  Ballistic  Experiments 


1 .1  Estimation  of  Retardation  Coefficients  from  Experimental  Data  and  its 
Extension  to  Unknown  Projectile-Target  Pair 

When  a  projectile  enters  a  target  medium  at  a  known  velocity,  the  projectile  velocity  decreases  as 
penetration  depth  increases.  For  analysis,  the  associated  penetration  mechanics  is  idealized  as 
occurring  in  two  phases.  The  first  phase  is  the  initial  entry  phase  when  the  projectile  is  not  fully 
embedded  in  the  target.  The  discussion  of  this  initial  phase  is  deferred  until  Sections  1.1.2  and 
1.1.3.  The  second  phase  is  the  projectile  motion  after  the  projectile  is  fully  embedded  in  the 
target.  Note  that  for  a  given  projectile-target  pair,  there  is  threshold  striking  velocity  below  which 
no  penetration  takes  place  and  the  motion  of  the  pair  can  be  predicted  by  linear  elastic  analysis. 

Initially,  our  effort  focused  on  the  second  phase  of  the  penetration  process.  To  understand  the 
second  phase  of  motion,  experimental  data  from  Task  3  relative  to  penetration  of  spherical 
projectiles  into  20%  gelatin  targets  was  employed.  We  used  three  sizes  of  spherical  projectiles;  a 
0.34  gram,  0.17  inch  diameter  steel  sphere  (referred  to  as  a  ‘BB’),  a  1.0  gm,  0.25  inch  diameter 
steel  sphere,  and  there  is  also  some  limited  0.375  inch  diameter  steel  sphere  data. 

Experimental  data  was  collected  on  the  depth  of  penetration,  ^vj,  at  different  striking  velocities, 
V,.  We  call  this  data  “experimental  §(v)  versus  v”  data.  This  data  is  presented  in  the  Task  3 
discussion.  Using  the  kinematics  of  a  point  mass  m  under  a  retarding  force,  R(v) ,  we  can  relate 
R(v)  and  5(v)  through  the  following  equations. 
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8(v) 


R(v) 


dv 


R(v)  := - 

— 5(v) 
dv 


Equation  (1-1) 


where  the  mass  term  have  been  dropped  from  the  equations.  From  physical  considerations, 

R(v)  =  a  +  Pv  +  yv^ ,  then  the  first  term  corresponds  to  very  low  velocity  or  a  ‘static’  retarding 
force,  the  second  term  correspond  to  the  Stokes  frictional  drag  while  the  last  term  is  the  fluid 
1  2 

drag  term  with  ^  ~P^  scaling.  Frictional  drag  is  scaled  to  the  viscosity  of  the  target  medium 
and  the  first  term  is  scaled  with  the  elastic  modulus  of  the  target. 


To  develop  a  retardation  force  algorithm.  Equation  (1-1)  is  used  to  determine  a,p,y  for  the 
projectile  target  pair  used  in  the  experiments.  These  are  called  “reference”  values.  Equation  1-1 
can  be  used  to  derive  the  low  velocity  and  high  velocity  characteristics  of  the  S{v)  function.  It 

can  be  shown  that  S(v)»v^  as  v  -^0  for  low  velocities  and  S(v)  » ln(i;)  for  high  velocities. 
Expanding  5{v)  as 


5(v)  = 


v^(a  +  bv  +  cv^ ),  low  V 

a'ln(i;)-i-  — -1--^,  highv 
V  V 


Equation  (1-2) 


And  using  the  experimental  data,  we  can  get  the  coefficients  in  Equation  1-2  by  curve  fitting,  and 
matched  asymptotic  expansions.  Once  5(v)  is  known,  R(v)  and  its  coefficients  can  be 
calculated  from  Equation  1-1.  For  0.25-inch  diameter  steel  balls,  experimental  data  and 
estimation  of  the  retardation  force  using  Equation  1-1  is  shown  in  Figure  2.  In  Figure  2,  v  is  in 
ft/sec,  5  is  in  inches,  and  R2  is  in  consistent  units. 


FIGURE  3.  Penetration  Depth  and  Retardation  forces  versus  Velocity 
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To  extend  these  equations  to  unknown  projectile  target  pairs,  we  make  some  fundamental 
assumptions.  We  assume  that  the  force  of  retardation  is  normal  to  the  projectile  surface.  That  is, 
the  retardation  depends  only  on  the  normal  component  of  velocity,  for  a  representative  point 
on  the  projectile  surface.  If  this  component  is  negative,  then  the  force  of  retardation  is  zero.  Thus, 


the  normal  force  is  R  = 


RivJ  if  Vn  >0 
0  if  <  0 


The  projectile  is  assumed  to  be  rigid  as  it  moves  through  the  target.  This  is  a  good  approximation 
if  the  target  is  “soft”  as  is  the  case  for  biological  tissue  and  surrogate  materials  of  interest.  The 
scaling  laws  applied  to  the  various  coefficients  a,  j5,y  are  done  using  the  physical  relations 
between  the  respective  terms  discussed  above.  Scaling  parameters  are  shown  below  in  Table  1, 
page  13. 

The  scaling  in  the  text  box  was  used  for  the  spherical  penetration  data  in  the  20%  gelatin  targets 
shown  in  Figure  4.  So  in  this  example,  the  target  mechanical  properties  are  unchanged  while  the 
projectile  properties  are  different  and  the  scaling  for  different  diameter  spherical  projectiles  is 
shown.  As  previously  mentioned,  a  correlation  between  the  theoretical  predictions  using  the 
method  above  and  experimental  data  for  various  spherical  projectiles  are  also  shown  in  Figure  4. 

1.1.1  Application  to  Non-Spherical  Projectiles  with  Aspect  Ratios  0  <  —  <  2 

D 

Using  the  above  approximations,  we  have  developed  models  to  predict  the  motion  of  two 
completely  different  types  of  projectiles.  The  first  one  is  a  flat  fragment  with  very  low  L/D  while 
the  second  one  is  a  cut  cylinder  with  1  <  L/D  <  2.  These  models  with  the  associated  theoretical 
development  are  briefly  discussed  below. 

1. 1.1.1  Flat  Fragment  (Platelet).  A  schematic  of  the  fragment  and  loading  is  shown  in  Figure  5. 
Equations  of  Motion 

The  motion  of  the  center  of  mass  G  and  the  motion  about  G  are  governed  by 

mVQ  =  R(v^  )ndS 

s 

Hc=-jr'xR(vJndS 

s 

Equation  (1-3) 
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TABLE  1.  Scaling  Methodology  for  Penetration  Depth  as  Function  of  Striking 

Velocity 


Use  Scaling  Laws  for  Retardation 
Coefficients 

Reference  Values:  Change  when  Different 
Experimental  Data  is  used  as  Reference 

Values 

Enter  Projectile/Target  Data 

Reference  or  Experimental  Data  Values 

Target  Young's  Modulus  e  :=  4.5-  (psi) 

Reference  Target  Young's  Modulus Er:=  4.5- lo"^  (psi) 

Target  Viscosity  |a:=o.l  (poise) 

Reference  Target  Viscosity  pr  :=  o.l  (poise) 

Projectile  Diameter  or 

Diameter  of  Projected  Area  D  :=  0.375 

Reference  Projectile  Diameter  or 

Diameter  of  Projected  Area  Dr:=  0.25  (in) 

Target  Density  p  :=  l.o  (gm/cc) 

Reference  Target  Density  pr:=  1.0  (gm/cc) 

Projectile  Density  pp  :=  8.0  (gm/cc) 

Reference  Projectile  Density  ppr  :=  8.0  (gm/cc) 

1  3 

Projectile  Mass  mp:=--7r  (D-2.54)  pp  (gm) 

6 

1  3 

Reference  Projectile  Mass  mr:= -•7i  (Dr2.54)  ppr 

6 

mp  =  3.62  (gm) 

mr=  1.073  (gm) 

Scale  Retardation  Coefficients 

mr  f  E  4 

an  :=  ar - —  —  an  =  2.7  x  10 

mp  J  Er 

a  =  4.049X  lo'^ 

=  34.951 

mp  \Dr J  iLir 

P  =  52.427 

ini'  r  D  p 

yn:=yr - —  —  yn  =  0.032 

mp  \Dy J  pr 

Y  =  0.048 
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PENETRATION  DEPTH  VERSUS  IMPACT  VELOCITY 
Analysis  and  Ballistic  Data  for  Normal  Impact  Into  Gelatin  of  Different  Diameter  Steel  Spheres 


FIGURE  4.  Correlation  between  analytical  predictions  and  ballistic  test  data  for  three 
different  diameter  spheres  shot  into  20%  ordnance  geiatin 

In  Equation  1-3,  is  the  angular  momentum  of  the  fragment  about  the  center  of  mass  G  and 

r'  =  GP .  Equation  1-3  represents  six  nonlinear,  second  order,  coupled  differential  equations  that 
can  be  solved  using  a  Runge-Kutta  method.  Solution  to  these  equations  will  predict  the  motion  of 
the  center  of  mass  and  the  rotation  of  the  projectile  as  it  moves  about  its  center  of  mass.  This 
solves  the  motion  of  a  flat  fragment  through  the  target. 


1.1.1.2  Fragment  Represented  by  a  Cut  Cylinder.  The  schematic  of  a  “cut-cylinder”  and 
associated  loading  is  shown  in  Figure  6. 
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P  Representative  Point 
OXYZ  Inertial  Frame 
Body-fixed  Frame 
G  Center  of  Mass 
Vg  Velocity  of  G 
n  -  Normal  to  the 
Fragment  surface 


FIGURE  5.  Schematic  of  Loading  on  a  Flat  Fragment 


Y 


O 


n  -  Normal  to  the 
Fragment  surface 

^  Cutting  Angle 


FIGURE  6.  Schematic  and  Loading  on  a  Cut  Cylinder 
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The  equations  of  motions  are  identical  to  Equation  1-3  except  that  the  mass  moment  of  inertia 
matrices  are  different.  The  projectile  surface  has  been  subdivided  into  three  areas  shown  by  the 
different  colors  in  Figure  6.  Two  of  these  surfaces  are  flat  and  have  simple  normals  and 
representative  points  while  the  other  one  is  flat  and  has  more  complicated  normal  orientations  at 
various  representative  points. 

1.1.2  Determining  Tissue  Threshold  Penetration  Velocity 


For  a  given  projectile-target  pair,  there  exists  a  minimum  velocity  below  which  no  visible 
penetration  occurs.  For  elastic  targets,  this  means  that  the  deformation  produced  during  impact  is 
mostly  recoverable  and  virtually  no  or  only  a  very  small  indentation  is  visible.  Thus,  for  a  non¬ 
penetrating  ballistic  impact,  the  input  kinetic  energy  is  lost  through  elastic  wave  radiation  in  the 
target. 


While  the  determination  of  this  characteristic  threshold  velocity  is  difficult,  some  observations 
are  made  from  experimental  data  generated  in  Task  3  for  spherical  projectiles.  For  the  cases  of 
0.17  in.  and  0.25  in.  diameter  projectiles,  it  has  been  observed  that  indentation/penetration  in  the 
target  equivalent  to  at  least  one  projectile  diameter  is  necessary  in  order  for  full  penetration  to 
occur.  Using  this  observation,  we  can  use  the  penetration  depth  versus  incident  velocity  data  for 
these  two  cases  and  determine  penetration  thresholds.  Since  penetration  threshold  data  for  these 
two  projectile  cases  is  known,  we  can  compare  our  prediction  with  experimental  results.  For  the 
above  models,  the  relation  between  the  penetration  depth  8  and  the  incident  velocity  v  is  given 
by  5 (v)  =  v^(a  +  bv  +  cv^ )  where  the  coefficients  a,  b,  and  c  can  be  obtained  by  data  fitting.  For 
the  0.25  inch  diameter  spherical  projectile,  these  constants  are  given  above  in  Table  1.  Thus,  the 
theoretical  penetration  threshold  can  be  calculated  from  =<5”'(d)  where  d  is  the 

projectile  diameter  and  <5"4s  the  inverse  function  of  <5  .  Since  this  result  depends  on  the  lower 


end  of  the  velocity  field, 


can  be  approximated  from  a  simpler  equation,  .  For  a 

CL 

ft 


0.25  inch  diameter  steel  ball,  this  yields  =  143^^  which  is  very  close  to  what  was 

sec 

experimentally  observed. 


1.1.3  Small  Depth  oe  Penetration  Model 


Models  describing  the  penetration  of  projectiles  of  various  aspect  ratios  have  been  developed 
earlier  using  the  retardation  formula  given  by  a  quadratic  function  in  the  instantaneous  projectile 
velocity,  v .  The  coefficients  used  in  this  formula  are  determined  from  the  analytical  inversion  of 
experimental  data  for  cases  where  such  data  is  available.  Extension  of  this  model  to  cases  where 
no  such  experimental  data  is  available  has  also  been  developed  earlier.  The  early  phase  of 
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penetration,  when  the  incident  velocity  is  at  or  near  the  threshold  velocity  of  penetration,  has  not 
been  explored  in  detail  before,  however.  Some  simple  particle  kinematics  can  yield  insight 
relative  to  the  mechanics  of  penetration  during  these  early  phases  of  penetration  prior  to  the  stage 
when  the  projectile  is  fully  embedded  inside  the  target  and  does  not  rebound  elastically.  We  refer 
to  this  analysis  as  the  small  depth  of  penetration  model.  This  model  can  be  used  for  two 
problems;  first  to  predict  the  penetration  threshold,  ,  as  described  in  Section  1.2,for  a  given 

projectile  and  second,  to  determine  the  small  depth  of  penetration  for  impact  velocities  near  . 


The  nature  of  the  force  of  retardation  (FR)  changes  for  impact  velocities  below  and  above  . 

Such  differences  in  the  nature  of  FR  can  be  obtained  from  simple  one-dimensional  motion  of  a 
lumped  particle  mass  that  represents  the  projectile.  The  equation  of  motion  of  the  projectile  of 
mass  m  impacting  a  target  with  a  incident  velocity  y-  is 

mv  =  -F (x)  Equation  ( 1  -4) 

dx 


where  F(x)  is  the  FR  when  the  surface  displacement  is  x . 


If  d  is  the  final  displacement,  then  integrating  Equation  1-4  above,  we  have 


1 

^  F(x)dx  =  —  mvf 
0  ^ 


Equation  (1-5) 


If  D  is  the  diameter  of  the  average  projected  area  of  the  projectile  on  the  target,  then  F(x)  can 
be  written  as 

F(x)  =  —D^g{x)  Equation  (l-6a) 

4 


If  E  is  the  Young’s  modulus  of  the  target  and  I  is  the  effective  depth,  then 


o-(x)  = 


E  —  for  elastic  displacement 


cr^  for  penetration 


Equation  (l-6b) 


In  (l-6b),  (7^  is  the  threshold  stress  for  penetration  and  is  a  material  constant.  Substituting  (1-6) 
in  (1-5),  we  have 
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d  = 


oc  V  for  elastic  deformation 
oc  for  projectile  penetration 


Equation  (1-7) 


Equation  (1-7)  is  consistent  with  the  observed  nature  of  the  small  depth  of  penetration  for 
incident  velocities  near  the  penetration  threshold  velocity  . 

Using  (1-7)  and  a  reference  projectile  identified  by  a  subscript  r ,  we  can  write  down  the  formula 
that  gives  the  functional  relation  d  =  d{v)  between  the  incident  velocity  v  and  the  depth  of 
penetration  d  for  a  small  depth  of  penetration.  The  derivation  of  this  result  for  a  spherical  or 
sphere-like  projectile  of  diameter  D  and  density,  p  ,  is  given  below.  From  (1-4)  and  (1-7),  we 
have,  using 


1  , 
m  =—KpD  , 
6 


Writing  (1-7)  explicitly,  we  have 

d{v)  = 


^  pv^  ^ 


D 


Equation  (1-8) 


when  penetration  occurs.  The  effective  spring  constant,  k ,  of  the  target  material  can  be 
calculated  from  the  following  formula. 


k  = 


F(x)  nED^ 


X 


U 


Equation  (1-9) 


Thus,  the  spring  stiffness  increases  as  . 

Determine  Penetration  Threshold  Velocity,  ,  Revisited 

To  determine  the  penetration  threshold  velocity,  ,  we  postulate,  as  in  Section  1.1.2,  that  the 
penetration  depth  should  be  at  least  the  radius  (or  the  effective  radius)  of  the  spherical  or  sphere¬ 
like  projectile  so  that  satisfies  the  condition 


d(Vc)  =  ^ 
2 


From  (1-8)  and  (1-10),  we  have 


Equation  (1-10) 
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Equation  (1-11) 


Plot  of  Penetration  Depth  (in)  of  BB  (Reference) 
and  Polypropelene  vs  Entry  Velocity  (fps) 


too  150  200  250  300  350  400  450  500  550  600 


FIGURE  7.  Penetration  Depth  of  Steel  Spherical  Reference  Projectile  compared  with 

Polypropylene  Spherical  Projectile 

We  have  experimental  data  on  penetration  of  small  (D^  =  0.17  in.)  diameter  spherical  steel  ball 
impacting  gelatin  blocks.  From  this  data,  we  derived  the  penetration  threshold  velocity  =  175 

fps  which  is  consistent  with  Equation  (1-10).  Applying  Equation  (1-11)  to  32  caliber 

gm 

polypropylene  spherical  ball  ( p  =  1  ^ — ),  we  get  the  predicted  threshold  velocity  =  495  fps. 

cc 

This  result  is  very  close  to  the  experimentally  observed  minimum  velocity  needed  for  full 
penetration.  In  Figure  7,  we  compare  the  penetration  depth  of  the  reference  ‘BB’  projectile  and  a 
polypropylene  projectile  using  the  small-depth  penetration  model.  It  should  be  recalled  that  for  a 
large  depth  of  penetration,  penetration  depth  is  proportional  to  ln(y)  instead  of  shown  in 
Equation  (1-8)  for  the  small  depth  of  penetration  model. 
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Analysis  of  New  Penetration  Data 

Using  high  speed  digital  video  with  a  frame  rate  of  the  order  of  microseconds,  new  experimental 
data  on  ballistic  penetration  has  been  obtained  by  ATK  Mission  research  as  part  of  the  Virtual 
Soldier  effort.  Two  types  of  projectiles  were  used;  one  is  a  *4  in.  steel  projectile  and  the  other  is  a 
*4  in  steel  cylinder  with  an  aspect  ratio  of  2  (See  Tables  6,  7,  and  8  in  Section  3). 


Run  No.  0506-07 

V4  in  steel  sphere  impacting  20%  gelatin  target  at  1,170  fps 


Experimental  data  derived  from  video  images  by  manual  cursor  placement  is  shown  in  Table  2. 
The  wavy  nature  of  the  velocity  profile  is  due  to  manual  data  extraction.  This  data  is  used  to  test 
the  anal5^ical  models  developed  earlier  from  small  spherical  projectiles  penetrating  gelatins.  This 
data  is  used  as  the  reference  data  labeled  as  ‘BB-data’  for  extending  the  capability  of  anal54ical 
prediction  of  location,  velocity  and  time  for  penetration  of  other  projectiles  in  20%  gelatin.  The 
comparison  of  measured  velocity  and  penetration  depth  for  the  ballistic  test  #  0506-07  shown  in 
Table  2,  and  anal54ical  prediction  (red  curve)  is  shown  in  Figure  8.  For  the  three  other  cases 
shown  in  Table  6,  a  cylindrical  projectile  of  14  inch  base  diameter  and  length  to  diameter  ratio  of 
2  is  used  as  the  projectile. 

TABLE  2.  Analysis  of  Digital  Video  Data  for  Run  No.  0506-07 


GBL  Test  Distance  Velocity  Direct  Read  from  Phantom  606  at  1170  fps 

Target:  20%  Gelatin 

Case:  0506-07 

1/4  in  Steel  ball 

Mass=1.04  gm 

Total  Depth  of  Pen  =  6.3  in 

Start  Frame  9 

Elap.Time 

Read  Dist.(in) 

Actual  Distance 

Speed  Read  (fps) 

Frame 

Read  from  Phantom  606 

microsec 

inches 

0.0000 

0 

0 

1170 

34.0091 

0.404 

0.404 

989.932 

10 

d  = 

0.404  in  s=  989.932  ft/s 

32.9891 

0.425 

0.829 

1073.588 

11 

d  = 

0.425  in  s  =  1073.588  ft/s 

33.0312 

0.383 

1.212 

966.257 

12 

d  = 

0.383  in  s  =  966.257  ft/s 

32.9662 

0.361 

1.573 

912.55 

13 

d  = 

0.361  in  s=  912.550  ft/s 

34.0147 

0.319 

1.892 

781.525 

14 

d  = 

0.319  in  s=  781.525  ft/s 

33.0436 

0.298 

2.19 

751.533 

15 

d  = 

0.298  in  s=  751.533  ft/s 

32.9891 

0.255 

2.445 

644.153 

16 

d  = 

0.255  in  s=  644.153  ft/s 

32.9583 

0.276 

2.721 

697.852 

17 

d  = 

0.276  in  s  =  697.852  ft/s 

34.0680 

0.213 

2.934 

521.017 

18 

d  = 

0.213  in  s=  521.017  ft/s 

33.0293 

0.235 

3.169 

592.908 

19 

d  = 

0.235  in  s  =  592.908  ft/s 

33.0658 

0.213 

3.382 

536.809 

20 

d  = 

0.213  in  s=  536.809  ft/s 

32.9459 

0.191 

3.573 

483.115 

21 

d  = 

0.191  in  s=  483.1 15  ft/s 

34.0581 

0.214 

3.787 

523.615 

22 

d  = 

0.214  in  s=  523.615  ft/s 

32.9459 

0.191 

3.978 

483.115 

23 

d  = 

0.191  in  s=  483.1 15  ft/s 

32.9882 

0.17 

4.148 

429.447 

24 

d  = 

0.170  in  s=  429.447  ft/s 

33.1637 

0.1709 

4.3189 

429.435 

25 

d  = 

0.170  in  s=  429.435  ft/s 

34.0451 

0.149 

4.4679 

364.712 

26 

d  = 

0.149  in  s=  364.712  ft/s 
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J3,  xpen(v,  vO)  ,xdata  ^4.468, 

FIGURE  8.  Comparison  of  Recorded  Data  and  Analytical  Prediction:  Run  No.  0506-07 
Analysis  of  other  experimental  data 

•  Unlike  the  spherical  projectile  (run  #  0506-07),  cylindrical  projectiles  tend  to  rotate  as 
they  penetrate  the  target  due  to  small  striking  obliquities.  For  perfectly  normal  impact  in  a 
perfectly  homogeneous  target,  no  rotation  should  be  present. 

•  Since  no  deviation  is  observed  for  spherical  projectiles,  we  postulate  that  the  rotation 
must  occur  mainly  due  to  the  small  obliquity  of  incident  angle. 

•  For  locations  where  the  cylinder  is  not  in  contact  with  the  surrounding  gelatin  target,  the 
velocity  normal  to  the  projectile  surface  is  along  the  inward  normal. 

•  For  locations  where  the  cylinder  is  in  contact  with  the  surrounding  gelatin  target,  the 
velocity  normal  to  the  projectile  surface  is  along  the  outward  normal. 

•  This  result  conforms  to  the  assumptions  made  when  the  anal3d:ical  model  for  the 
projectile  penetration  was  developed. 

Similar  results  are  shown  for  the  “cut”  cylindrical  projectile  where  the  rotational  kinematics  of 
the  cut-cylinder  projectile  are  simulated  in  the  slides  on  page  284  (Appendix  N)  and  compared 
with  experimental  results. 
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Captured  snap  shots  for  the  sphere  and  cylindrical  targets  are  shown  in  Figure  9  to  support  the 
observations  made  above. 


FIGURE  9.  Snapshots  From  Digital  Video  of  Ballistic  Experiments 


1.1.4  Motion  of  an  Arbitrary-shaped  Rigid  Body  inside  a  Known  Target  with 
Position  Dependent  Retardation  Properties 

Let  us  consider  an  arbitrary  shaped  rigid  body  penetrating  a  target  where  the  force  of  retardation 
at  any  point  P  is  dependent  on  the  position  of  P  inside  the  target.  Considering  an  elementary 
area  dA  at  P  on  the  surface  of  the  body,  we  assume  that  force  of  resistance  is  opposite  (inward) 
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to  the  outward  normal,  n  (Figure  10),  and  its  magnitude  depends  on  three  position-dependent 
retardation  coefficients  a,p,y ,  and  the  normal  component  =  Vp.n  of  the  velocity  Vp  of  P. 

From  experimental  data  on  penetration  of  small  steel  spherical  projectiles,  we  have  the  depth  of 
penetration  5{v)  as  a  function  of  the  incident  velocity  f .  Using  one-dimensional  particle 
kinematics,  the  force  of  retardation,  R{v)  can  be  obtained  as  a  function  of  the  instantaneous 
velocity,  v ,  from  a  functional  relation  between  (5  (l')  andi?(i;)  originally  rendered  as  Equation  1, 


=  or  = 

i  R(ri) 


mv 

dv 


Equation  (1-12) 


where  m  is  the  mass  of  the  small  spherical  particle. 

In  the  case  of  a  finite  sized  rigid  body  penetrating  a  given  target,  we  assume  that  the  body  surface 
is  composed  of  an  ensemble  of  small  elementary  surfaces,  and  the  force  of  resistance  on  an 
elementary  area  dA  depends  on  the  inward  velocity  at  P  and  three  retardation  coefficients 
obtained  from  Equation  (1-12)  and  experimental  data.  By  using  a  scaling  analysis,  we  have 
extended  the  nature  of  the  retardation  force  to  unknown  bodies  for  which  no  experimental  data  is 
available.  It  has  been  established  that  these  coefficients  depend  on  the  following  material 
properties  at  the  instantaneous  location  of  dA  : 

1.  Young’s  Modulus  E 

2.  Target  density  p 

3.  Target  viscosity  p  ,  and 

4.  Properties  of  the  reference  material  for 
which  experimental  data  is  available. 

The  motion  of  the  projectile  inside  the  target  is 
decomposed  into:  (a)  the  motion  of  the  center  of 
mass  G,  and  (b)  the  rotational  motion  of  the  rigid 
body  about  G. 

Writing  the  force  of  retardation  Riv^)  per  unit  area 
as 

R(v^)  =  ttp  +  PpV^  +  Ypvl  Equation  (1-13) 
the  equations  of  motion  of  the  center  of  mass  G  is  given  by^ 


FIGURE  10.  Frames  of  References 
for  Arbitrary  Penetrating  Body 


1  Overhead  dot  indicates  time  derivative 
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mvg  = 


-j  R{v^)ndA 

A 


Equation  (1-14) 


and  the  equation  of  motion  for  the  rotational  motion  about  G  is  given  by 

Mg  =  Hg  =  R(v^  )nxrg^p£M  Equation  (1-15) 

A 


In  equation  (1-15),  subscripts  P  in  the  retardation  coefficients  a,  (5  and  y  indicate  that  these 
coefficients  depend  on  the  target  material  properties  at  P .  In  Equation  (1-14),  is  the  velocity 
of  the  center  of  mass  G.  In  Equation  (1-15),  is  the  moment  of  the  retardation  forces  about  G, 
and  Hg  is  the  angular  momentum  of  the  rigid  body  about  G,  and  =  GP  (Equation  1-15  and 
Figure  10). 


Using  the  inertia  matrix 


1  = 


r 


\ 


Equation  (1-16) 


about  the  center  of  mass  G  with  axes  along  the  Gxyz  (Figure  10),  and  the  angular  velocity  (o  of 
the  rigid  body 


CO  = 


(0,. 


Equation  (1-17) 


where  the  components  are  along  the  axes  of  the  rotating  frame  F  =  Gxyz  attached  to  the  rigid 
body,  the  relation  between  Hg ,  I  and  co  is  given  by 


Hg  =  l.o) 


Equation  (1-1 8a) 
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The  relation  between  the  Newtonian  derivative  operator  —  and  frame-related  derivative 

^  dt 

. 

operator  —  is 
dt 


jJV  jF 

—  = - \-cox  Equation  (1-1 8b) 

dt  dt 

Using  (10)  Equation  (7)  can  be  written  as 

Ift)  =  Mg  -  6)  X  H  Equation  (1-19) 

The  component  equations  can  now  be  written  from  Equation  (1-19)  in  the  rotating  frame  axes 
Gxyz  (Eigure  10). 

In  order  to  track  the  location  of  the  body  at  any  given  time  t ,  the  orientation  of  the  body-fixed 
unit  vectors  along  with  the  location  of  the  center  of  mass  G  in  the  Newtonian  frame  OXYZ  should 
be  known.  This  can  be  done  by  solving  the  differential  equations  governing  the  motion  of 
the  i,  j,  k  through  the  target.  The  details  about  the  motion  of  i,  j,  k  are  described  in  the  next 
section. 

Material  Properties  Data  in  a  Newtonian  Frame  and  Its  Transfer  to  the  Equations  of  Motion 

Two  fundamental  equations  governing  the  motions  of  the  center  of  mass  G  and  rotation  about  the 
center  of  mass  are  given  in  Equations  (1-14)  and  (1-19).  The  scalar  equations  arising  from  these 
equations  can  either  be  written  by  taking  components  along  body-fixed  Gxyz  (F-frame)  or 
Newtonian  OXYZ  (N-frame)  axes.  Equation  (1-19)  is  described  in  F-frame  while  (1-14)  is 
described  in  the  N-frame.  Besides,  for  visualization  of  projectile  penetration  inside  the  target,  all 
quantities  should  be  translated  to  the  N-frame.  The  transfer  function  between  these  two  frames 
requires  the  temporal  description  of  the  unit  vectors  along  the  F-axes  to  the  unit  vectors  in  N- 
axes.  As  the  rotational  angles  can  only  be  added  incrementally,  we  also  need  to  include  the 
differential  equations  describing  the  change  in  these  unit  vectors. 

Let 


a  ^ 

'■x 

i  = 

iy 

J  = 

Jy 

,  k  = 

ky 

Equation  (1-20) 

yh  J 

yJz  J 

Jc 

) 
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be  the  unit  vectors  along  the  Gx,  Gy  and  Gz  axes  (Figure  10)  with  components  in  the  N-frame 
along  OX,  OY  and  OZ  axes.  Then  the  time  derivative  of  these  unit  vectors  are  given  by 

i  =  <uxi  ,  j  =  ft)x  j  ,  k  =  mxk  Equation  (1-21) 


The  transformation  matrix  T  between  the  F-axes  and  N-axes  components  is  given  by 


T  = 


ly 

Jy 


Jz 


/Cv  k 


■z  J 


Equation  (1-22) 


Using  the  T  -matrix,  any  vector  with  components  along  the  F-axes  can  be  converted  to  same 
vector  with  components  along  the  N-axes  through 

x”^  =  T.x*^  Equation  (1-23) 

Using  (1-21)  and  (1-23),  the  differential  equations  governing  the  unit  vectors  are  given  by 

i  =  (T.ft))  X  i  ,  j  =  (T.ft))  X  j  ,  k  =  (T.m)  x  k  Equation  (1-24) 

The  integrations  shown  in  (1-14)  and  (1-15)  contain  integrands  which  depend  on  the  location  of 
the  point  P  in  space  and  the  description  of  material  properties  at  P.  Since  the  integrations  are 
done  in  F-frame  while  the  material  properties  are  known  in  N-frame,  we  need  to  convert  the 
coordinates  of  P  from  the  F-frame  to  the  N-frame  by  using  the  conversion-formula  given  by 
Equation  (1-23). 

18  Coupled  Differential  Equations  and  Their  Solution  by  Runge-Kutta  Algorithm 

With  reference  to  Figure  10,  let  us  define  a  18x1  vector  x  whose  components  are  described 
below: 


Xj ,  ^2 ,  ^3  are  the  coordinates  of  G  in  N-frame  Equation  (1-25) 

are  the  components  of  the  velocity  of  the  center  of  mass  G  in  N-frame 
Xj,x^,  Xg  are  the  components  of  the  angular  velocity  of  the  body  in  F-frame 
x^Q,x^^,Xg2  are  the  components  or  the  direction  cosines  of  the  unit  vector  i  in  the  N-frame 
Xj3,Xj4,a:j5  are  the  components  or  the  direction  cosines  of  the  unit  vector  j  in  the  N-frame 
Xjg,  ,  Xg^  are  the  components  or  the  direction  cosines  of  the  unit  vector  k  in  the  N-frame 
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Then  the  coupled  differential  equation  in  x  is  given  by 

X  =  D(t,x)  Equation  (1-26) 

The  function  D(t:,x)  is  a  vector  where  each  element  is  the  time-derivative  of  the  corresponding 
element  in  x .  Since  these  derivatives  are  completely  known  in  terms  of  the  elements  of  x 
through  the  equations  (l-12)-(l-24),  D(t,x)  is  a  known  function.  The  initial  conditions  for 
solving  for  x  are  given  by  the  initial  entry  scenario  where  usually  the  incident  velocity  and  initial 
angular  velocity  are  known.  Using  these  initial  conditions,  (1-26)  can  be  solved  completely  using 
a  Runge-Kutta  algorithm.  Thus,  the  kinematics  of  the  rigid  body  is  completely  known  in  the  user 
defined  N-frame,  and  can  be  displayed  for  visual  simulation  of  the  penetration  event. 

Numerical  Algorithms  for  Solving  the  Projectile  Trajectory 

Equations  (1-14),  (1-19)  and  (1-21)  describe  the  differential  equations  of  motion  of  the  center  of 
mass  G  (Eigure  10),  rotational  motion  of  the  body  about  the  center  of  mass  and  the  orientation  of 
body  fixed  coordinates.  These  are  (Eigure  10): 

•  Xg  ,  the  position  vector  of  the  center  of  mass  G  (Newtonian  components), 

•  Vg ,  the  velocity  vector  of  G  (Newtonian  components), 

•  CO ,  angular  velocity  vector  of  the  projectile  (Body-fixed  component),  and 

•  i,  j,  k ,  unit  vectors  along  the  body-fixed  axes  (Newtonian  components). 

Since  these  are  all  vectors,  we  have  a  total  of  18  independent  time-dependent  field  quantities  that 
are  governed  by  coupled,  nonlinear  first  order  differential  equations  given  in  (1-14),  (1-19)  and 
(1-21).  Using  a  standard  Runge-Kutta  algorithm  for  solving  a  system  of  first  order,  coupled 
nonlinear  differential  equations;  we  can  obtain  a  complete  solution  of  the  problem  of  determining 
the  wound  tract  due  to  a  projectile  motion  in  a  body. 

Application  of  the  Runge-Kutta  method  requires  that  all  derivatives  of  the  variables  described 
can  be  obtained  from  analytical,  functions  of  all  other  variables.  For  problems  involving  location- 
dependent  material  properties  in  a  user-defined,  Newtonian  frame,  these  locations  need  to  be 
determined  analytically  from  current  values  of  these  variables.  This  makes  the  problem  very 
complicated  since  the  location  of  any  point  on  the  projectile  surface  in  a  Newtonian  frame  not 
only  depends  on  the  location  of  the  center  of  mass  but  also  on  the  orientation  of  the  unit  vectors 
along  the  body-fixed  coordinates.  In  the  absence  of  location-dependent  properties,  the  dimension 
of  the  unknown  vector  x  in  (1-16)  can  be  significantly  reduced  from  18  to  6. 
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1 .2  Simulation  of  Projectile  T rajectories 


For  spheres  and  sphere-like  projectiles  with  aspect  ratio  —  « 1 ,  the  rotational  kinematics  of  the 

problem  is  not  significant,  and  hence  the  problem  is  simplified  to  tracking  the  motion  of  the 
center  of  mass.  This  is  especially  true  during  high  velocity  penetration  except  when  the  material 
properties  vary  significantly  over  the  surface  of  the  projectile  boundary.  This  can  create  a 
significant  moment  about  the  center  of  mass. 

1.2.1  Analytic  Simulation  of  Projectile  Trajectory  for  Platelet,  L/D  «  0,  and  Non- 
Symmetric  fragments,  L/D  «  2. 

Two  types  of  projectiles  have  been  considered  in  the  numerical  codes  written  and  developed  by 
ATK  Mission  Research  for  the  determination  of  projectile  motion  inside  a  non-homogeneous 
target  with  known  properties.  For  the  case  of  L/D  «2,  we  have  used  a  cut  cylinder  as  an  example. 
The  physical  dimensions  of  the  cut  cylinder  are  shown  in  Figure  11.  For  the  case  of  a  platelet 
with  L/D  0  we  have  used  a  circular  plate.  The  code  is  correctly  predicting  the  linear  motion  of 
a  cut  cylinder  with  L/D  but  the  rotary  motion  is  under-predicted.  Some  results  are  shown  in 
Figure  12. 

Due  to  the  complex  physics  and  associated  numerical  algorithms  (described  in  detail  below),  we 
have  developed  the  software  in  modular  forms.  Each  module  has  been  checked  and  the  complete 
code  has  been  developed  by  integrating  these  modules. 

Material:  Steel 
Short  Length  L"  .■  8  mm 
Long  Length  L:  16  mm 
Cutting  Angle:  47  degrees 
A  schematic  is  shown  in  Figure  8 


FIGURE  11.  Schematic  of  ATK  Mission  Research  “cut  cylinder”  projectile 
1.2.2  Material  Property  Modeling 

A  number  of  published  animal  based  Strain  Energy  Functions  which  have  been  derived  from 
tissue  property  experiments  were  acquired  by  Mission  Research.  Stress-Strain  relationships 
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suitable  for  use  in  the  Mission  Research  wound  Tract  analysis  and  other  codes  can  be  derived 
from  these  functions.  Several  resulting  stress-strain  curves  are  shown  in  Figures  13  through  15. 

Shown  in  Figure  13  is  a  uniaxial  stress-strain  curve  of  cardiac  muscle  from  the  myocardium  of  a 
human  left  ventricle  in  the  direction  of  the  fibers  {Strength  of  Biological  Materials,  Yamada, 
1970).  It  is  noted  that  1  gm/mm^  is  about  0.1  bar.  Average  values  of  failure  strength  are  reported 
to  be  between  0.9  and  1.4  bars  depending  on  age  with  an  average  of  1.1  bars.  The  ultimate 
strength  in  the  transverse  direction  is  about  1/3  of  these  values.  The  failure  strains  in  the  fiber 
direction  vary  between  63  and  79%  with  an  average  of  64%.  The  failure  strain  in  the  transverse 
direction  is  about  1.3  times  that  in  the  fiber  direction. 


Tinne(iLisec) 


FIGURE  12.  Analytical  Prediction  of  Axial  Displacement  of  a  Cut  Cylinder 

Figure  14  is  a  plot  of  the  stress-stretch  ratio  in  the  fiber  and  transverse  directions  based  upon 
equal  loading  biaxial  extension  data.  The  fit  to  the  data  is  based  upon  an  assumed  form  of  the 
controlling  strain  energy  density  function.  This  information  was  provided  by  Prof.  McCullouch, 
Ph.D.  from  UCSD.  It  is  noted  that  10  KPa  is  0.1  bars.  Stress  data  in  the  fiber  direction  is  shown 
to  about  0.8  bars  consistent  with  the  values  in  Figure  13  although  the  corresponding  biaxial  strain 
level  is  calculated  to  be  about  30%. 
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A  plot  of  predicted  circumferential  stress  in  a  human  ventricular  chamber  is  shown  in  Figure  15. 
The  maximum  value  for  the  hypertensive  case  is  about  8  KPa.  The  corresponding  strain  is  about 
64%.  {Mechanical  Properties  of  Diseased  Hearts  During  Adaptation,  Chaudhry,  2002). 


g/mm^ 


FIGURE  13.  Tensile  Stress-Stain  of  Cardiac  Muscle  on 
people  20  to  29  years  old  [Figure  82  from  Yamata]. 


1  FIGURE  14.  Analytic  fiber  stress  and  cross  fiber  stress  versus  stretch 
ratio  for  equibiaxial  extension  of  thin  rectangular  sheet  applicable  to 
cardiac  myocardium  [original  data  from  Costa  et  al.  1996  and 
application  based  on  personal  discussion  with  A.  McClulloch/UCSD]. 
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Regional  Circumferential  Stress 

Normal,  Hypertensive,  Congestive  Heart  Failure 
15 


/  \  Normal 

/  \  Congestive  Heart  Failure 

/  \  - Hypertensive 


0 

0  0.2  0.4  0.6  0.8  1 

Fraction  Wall  Thickness  (Endocardium  to  Epicardium) 


FIGURE  15.  Stress  versus  Ventricular  Wall  Thickness  [from  Chaudry] 

Human  myocardial  tissue  can  be  described  as  a  hyperelastic,  anisotropic  material  with  principal 
properties  varying  in  the  ‘fiber’  and  ‘cross  fiber’  directions.  UCSD  has  been  involved  in  a 
number  of  efforts  associated  with  modeling  heart  component  response  and  has  assembled  a 
library  of  Strain  Energy  based  constitutive  models  which  have  been  implemented  in  the  UCSD 
Continuity  code.  The  majority  of  the  existing  data  is  based  upon  uniaxial  and  biaxial  tension  tests 
which  is  appropriate  for  normal  expansion.  It  must  be  noted  that  the  principal  early  time  stress 
generated  during  impact  and  penetration  are  compressive  and  thus  compressive  data  is  ultimately 
needed  to  verify  predictions. 

For  the  purposes  of  the  current  effort,  UCSD  recommended  that  a  Canine  based  Transversely 
Isotropic  Exponential  Strain  Energy  function  be  used  to  derive  the  required  Stress-Strain 
relations  which  are  currently  used  as  input  to  the  ATK-Mission  Research  hydrocode  models.  The 
orientation  of  the  fiber/cross  fiber  ‘sheets’  are  known  as  a  function  of  thickness  through  the 
ventricle  and  can  be  implemented  as  required.  The  properties  are  known  to  depend  on  a  number 
of  parameters  including  moisture  content  and  loading  rate  but  the  data  base  focuses  on  static 
loading  derived  properties. 
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A  typical  derived  stress-strain  relation  is  plotted  in  Figure  16.  It  is  seen  that  failure  strengths  are 
very  low,  on  the  order  a  bar.  The  forms  of  the  constitutive  models  are  given  in  Table  3. 

Stress  vs.  Strain 


FIGURE  16.  Myocardium  Stress-Strain  Relation 


TABLE  3.  Simplified  Material  Models 


Structure 

Constitutive  Model 

Strength  Model 

Eailure  Model 

Anisotropy 

Pericardium 

Linear 

Yield 

Strength 

NA 

Myocardium 

Puff 

Yield 

Strength 

Yes 

Heart  External 

Puff 

Elastic 

Strength 

Euture 

Blood 

Shock 

None 

None 

NA 

Parameter  Sensitivity  Studies 

A  series  of  2D  hydrocode  parameter  sensitivity  studies  were  performed  modeling  gelatin  impaets. 
The  shear  modulus  and  material  strength  were  varied.  Typieal  results  of  penetration  depth  versus 
time  are  shown  in  Figure  17.  A  more  detailed  diseussion  of  the  results  from  this  study  is  ineluded 
in  Appendices  H  and  I.  The  2D  hydrocode  analysis  supporting  the  material  parameter  sensitivity 
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studies  was  performed  using  (i)  a  linear  elastic  heart  tissue  model,  (ii)  a  half  scale  MRC  wedge 

fragment,  and  (iii)  a  series  of  thin  platelet  fragments  impacting  normal  to  the  target  surface. 

Penetration  Depth  vs.  Time 

2X7  mm  Steel  Disc  @  300  ft./sec. 


Time(msec.) 

FIGURE  17.  Penetration  Depth  of  Platelet  Fragment  versus  Time 

As  mentioned  in  Section  1.1.3,the  slides  on  page  284  from  the  presentation  reproduced  in 
Appendix  N  show  a  very  favorable  correlation  between  cut-cylinder  rotational  kinematics 
observed  experimentally  using  high  speed  digital  video  and  the  analytical  simulation  developed 
as  described  in  this  section. 

1.3  Analytical  Background  of  Penetration  of  a  fragment  inside  a  given  target 

WITH  NONHOMOGENEOUS  MATERIAL  PROPERTIES 

For  modeling  the  complex,  dynamic  process  of  fragment  penetration  in  a  given  target,  we  need  to 
understand  the  mechanical  properties  of  both  the  target  and  the  fragment,  that  are  responsible  for 
the  retardation  forces  exerted  on  the  projectile  during  penetration.  Some  simple  analysis  are  done 
first  where  the  projectile  has  simple  shapes  e.g.,  a  sphere  in  a  target  with  no  material 
inhomogeneities.  Ballistic  experiments  conducted  by  Mission  Research  during  the  last  few  years 
provide  us  an  experimental  database  on  small  spherical  steel  balls,  spherical  balls  of  other  sizes 
and  cut  cylinders  penetrating  a  uniform  20%  gelatin  used  as  a  tissue-simulant.  For  various 
incident  velocities,  the  penetration  depths  were  recorded  during  these  experiments.  By  using  the 
equation  of  motion  of  a  rigid  body  assuming  that  the  projectile  does  not  deform  during 
penetration,  we  inverted  the  penetration  depth  versus  incident  velocity  data  to  yield  the 
penetration  coefficients  described  in  previous  quarterly  reports  for  this  project.  The  fundamental 
equations  used  in  the  inversion  are  repeated  below. 
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dv 

mv  —  =  -R(v)  =  -{a  +  pv  +  yv^) 


dx 


S(v.)  =  l 


mv 


i  R(v) 


dv 


Equation  (1-27) 


In  (1-27),  mis  the  projectile  mass,  fis  the  instantaneous  velocity  of  the  projectile  at  a  depth  x 
during  penetration;  a,p,y  are  the  retardation  coefficients,  and  d{vP)  is  the  penetration  depth  for 

incident  velocity  .  For  the  experimental  data,  penetration  depth  vs.  velocity  is  shown  in  Figure 
18,  and  the  calculated  retardation  coefficients  per  unit  mass  are 


:=  4.049 10 


P  :=  52.47  Y  :=  0.048 


Thus  the  equation  of  motion,  first  Equation  in(l-27),  is  modified  as 

rii 

V —  =  -R(v)  =  -(a  -H pv  +  yv^)  Equation  (1-28) 

dx  ^  ’ 


In  (1-28),  a,p,y  are  the  retardation  coefficients  per  unit  mass  of  the  reference  projectile. 


Retardation  coefficients  derived  from  experimental  data  on  20%  gelatins,  need  to  be  modified  for 
applications  to  other  projectiles  of  different  shapes  and  masses.  For  finite  size  bodies  with 
multiple  boundary  areas,  we  assumed  that  load  per  unit  differential  area  can  be  determined  from 
the  retardation  laws  established  for  the  reference  spherical  projectile  by  proper  scaling  of  area 
and  mass.  Since  increasing  projectile  mass  indicates  more  kinetic  energy  available  for 

penetration,  retardation  coefficients  are  modified  by  a  factor  of  where  the  subscript  r 

m 

indicates  reference  projectile  mass  which  is  the  BB-mass  in  this  case.  Note  that  mass  scaling  is 
inversely  proportional  for  modifying  the  retardation  coefficients.  For  surface  scaling,  the  load  on 
an  elementary  area  dS  is  calculated  by  multiplying  the  retardation  coefficients  by  a  factor  of 


dS 

Sr 


where  is  the  projected  area  of  the  reference  projectile  on  the  target  surface. 
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Plot  of  5(v)  vs.  V 


8(v) 


inches 
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FIGURE  18.  Experimental  Data:  Penetration  depth  vs.  Entry  Velocity 


For  our  applications,  the  problem  of  the  penetration  mechanics  of  a  general  shaped  projectile  e.g. 
a  fragment/cylinder/sphere  or  sphere-like,  in  a  nonhomogeneous  human  left  ventricle  is 
considered.  Since  the  experimental  data  is  obtained  for  a  homogeneous  20%  gelatin  target,  some 
material  scaling  is  also  required.  To  include  the  inhomogeneity  in  material  properties  on 
retardation  forces,  we  need  to  relate  the  retardation  coefficients  to  the  associated  physics  of  the 
retardation  process.  For  very  low  impact  velocities,  static  properties  of  the  projectile-target 
dominate  the  process.  For  a  rigid  projectile,  the  relevant  material  property  is  the  Young’s 

E 

modulus  of  the  target.  Thus  the  low-velocity  coefficient  a  is  scaled  with  —  where  E  is  the 

Young’s  modulus  of  the  target  at  the  instantaneous  contact  location  of  the  elemental  area  dS  at 
time  t .  The  coefficient  is  related  to  the  Stoke’ s  friction  drag  so  that  it  depends  linearly  on 

G 

viscosity,  and  hence  on  the  shear  modulus  G  for  harmonic  loading.  Thus,  P  is  scaled  with  — . 

Gr 

Finally  the  last  term  is  the  fluid  drag  term  related  to  the  density  p  of  the  target,  and  hence  y  is 

scaled  with  — . 

Pr 


Besides  the  above  scaling  laws  applied  on  the  retardation  coefficients,  we  also  assume  that  target 
resistance  is  always  along  the  inward  normal  to  the  surface  of  the  projectile  when  the  projectile 
velocity  is  along  the  outward  normal  to  the  projectile  surface;  otherwise,  the  retardation  force  is 
zero. 
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TASK  2 

Wound  Tract  Modeling  and  Simulation 


This  task  evolved  during  the  course  of  the  program  and  bifurcated  into  two  discrete  sub-efforts. 

In  the  first  effort,  a  nonlinear  stress  wave  propagation  model  was  developed  emphasizing 
ballistic  impacts  that  partially  penetrated  the  human  left  ventricle.  A  geometry  model  of  the  heart 
was  acquired  and  discretized  into  a  numerical  grid  by  Stanford  University.  Material  properties 
were  mapped  on  the  numerical  grid  with  the  help  of  the  Bioengineering  Institute  at  the  University 
of  California  in  San  Diego  (UCSD)  using  the  UCSD  Continuity  Code.  Stress  wave  analysis  was 
then  conducted  by  ATK  Mission  Research  using  the  Autodyn®  software  package  employing 
various  projectiles  shown  in  Figure  1  (page  9).  Parameter  sensitivity  studies  were  also  conducted 
to  understand  the  appropriate  model  fidelity  for  various  model  features.  This  effort  is  discussed 
in  Section  2.1. 

The  second  effort,  discussed  in  Sections  2.2  and  2.3,  involves  developing  a  nonlinear  spring 
lattice  calibrated  to  intervening  soft  tissue  properties.  The  trajectory  and  velocity  retardation 
models  developed  in  Task  1  are  used  to  cut  the  springs  and  impart  a  velocity  vector  to  the  springs 
as  initial  conditions.  The  initial  cutting  and  recoil  of  the  spring  lattice  plus  the  subsequent 
dynamic  transient  and  associated  accumulated  plastic  strain  from  spring  hysteresis  establishes  the 
residual  diameter  of  the  wound  tract.  The  resulting  wound  tract  is  then  imported  into  SCIrun  (a 
scientific  visualization  tool  developed  by  the  University  of  Utah)  for  visualization.  A  SCIrun 
interface  was  written  for  this  purpose  by  ATK  Mission  Research  with  the  help  of  the  University 
of  Utah  Scientific  Visualization  Center  of  Excellence.  This  visualization  effort  is  discussed  in 
Section  2.3.3. 

2.1  Constitutive  and  Hydrocode  Modeling 

3D  models  nonlinear  dynamic  models  where  developed  to  allow  prediction  of  the  wound  tract 
trajectory,  tract  dynamics,  and  stress-strain  fields  for  a  human  left  ventricle  penetrated  by  both  a 
wedge-like  and  small  cylindrical  fragment  impacting  normal  to  the  ventricle  surface.  In  order  to 
perform  this  analysis,  we  developed:  (1)  constitutive  models  for  the  pericardium,  myocardium 
and  ventricle  core,  (2)  a  3D  finite-difference  model  of  the  ventricle  and  projectiles,  and  (3)  a  3D 
finite-difference  model  approximating  cardiac  structures  attached  to  the  left  ventricle.  A  range  of 
impact  velocities  were  analyzed  in  order  to  ensure  that  the  projectiles  slowed  to  essentially  zero 
velocity  in  the  ‘blood’  filled  central  cavity.  The  output  of  this  effort  were  animations  of  the  above 
parameters  for  a  ventricle  penetrated  by  a  (1)  7-mm,  45  degree  steel  wedge  impacting  at  250 
ft/sec.  and  (2)  a  3-mm,  steel  circular  cylinder  impacting  at  300  ft/sec.  both  with  aspect  ratios  of  1. 
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2.1.1  Ventricle  Model 

In  order  to  perform  the  desired  penetration  analysis,  a  realistic  representation  of  the  human  left 
ventricle  geometry  was  required.  We  obtained  a  detailed  geometry  model  from  Stanford 
University  that  was  translated  by  the  University  of  Utah.  We  went  thru  a  process  of  ‘smoothing’ 
the  surfaces  and  then  asked  XYZ  corporation  via  its  True  Grid®  mesh  development  program  to 
develop  a  mesh  suitable  for  input  in  the  Century  Dynamics  Autodyn™  3D  hydrocode.  The 
pericardium,  myocardium  and  cavity  were  then  filled  with  approximations  to  the  actual  material 
properties  for  the  Phase  I  demonstrations. 

A  procedure  similar  to  that  above  was  used  to  develop  a  ‘Heart  Envelope”  so  that  we  could 
account  for  the  influence  of  the  material  surrounding  the  Ventricle  on  the  Ventricle  mechanical 
response.  In  order  to  do  this,  we  relied  on  a  University  of  Utah  supplied  porcine  heart 
representation.  We  were  advised  that  to  first  order,  the  size  and  basic  geometry  would  satisfy  our 
‘Heart  Envelope”  needs.  A  picture  of  the  meshed  model  is  shown  in  Eigure  19.  Details  of  the 
interior  mesh  are  shown  in  Eigure  20. 


FIGURE  19.  Simulate  Heart  with  Embedded  Ventricle  Finite  Difference  Mesh 
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FIGURE  20.  Interior  Mesh  for  Embedded  Ventricle  Model 


2.1.2  Wedge  Impact  Analysis 

The  first  set  of  analysis  was  intended  to  capture  behavior  of  a  wedge  shaped  fragment  similar  to 
the  one  which  had  been  used  by  ATK-Mission  Research  both  during  its  gelatin  phenomenology 
ballistic  experiments  and  in  several  experiments  at  ISR.  Two  aspect  ratio  fragments  were  used, 
the  first  corresponding  to  that  used  in  the  tests  and  a  second  with  an  aspect  ratio  of  1 : 1  which  was 
designed  to  reduce  the  size  of  the  cavity  and  the  deviation  from  a  linear  trajectory.  Several  impact 
velocities  in  the  range  of  50  to  300  ft/sec  were  analyzed  with  the  intent  of  having  the  projectile 
stop  in  the  central  cavity  of  the  ventricle  without  penetrating  the  cardiac  septum.  The  appropriate 
striking  velocity  on  the  ventricle  to  achieve  this  was  250  ft/sec.  Shown  in  Figures  21  though  24 
are  snapshots  of  the  original  impact  geometry,  the  external  pressure  distribution  as  waves 
propagate  along  the  surface,  the  internal  pressure  distribution  and  the  internal  strain.  It  is  worth 
noting  that  the  pressure  generated  exceeds  14  bars  (over  a  fairly  large  volume)  which  is  the  level 
established  from  previous  ATK-Mission  Research  in  vitro  testing,  necessary  to  create 
mechanically  induced  transient  ion  gradient  upsets. 

The  results  from  this  analysis  were  animations  which  were  delivered  to  the  Virtual  Soldier  team 
at  the  University  of  Michigan  as  well  as  the  projectile  trajectory,  cavity  dynamics,  stress  and 
strain  fields. 
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FIGURE  21.  Impact  Geometry  for  Wedge  Impact  of  Ventricle 
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FIGURE  22.  Pressure  Distribution  on  Surface  of  Ventricie  from  Wedge  impact 
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FIGURE  23.  Pressure  distribution  in  Interior  of  Ventricle  from  Wedge  Impact 
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FIGURE  24.  Strain  Distribution  in  Interior  of  Ventricle  from  Wedge  Impact 
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2.1.3  Cylinder  Penetration  Model 


The  final  set  of  analysis  was  intended  to  simulate  a  hypothetical  projectile  which  would:  (1) 
create  an  approximately  4-mm  diameter  permanent  entrance  cavity,  (2)  a  1  to  2-mm  diameter 
permanent  exit  cavity  on  the  interior  of  the  ventricle,  (3)  have  the  trajectory  of  the  fragment 
follow  a  linear  path,  and  (4)  have  the  fragment  stop  in  the  blood  filled  central  ventricle  cavity 
without  penetrating  the  septum.  In  order  to  accomplish  this,  we  analyzed  the  response  of  various 
diameter  circular  cylinders  all  with  aspect  ratios  of  1  traveling  at  various  velocities.  The  final 
design  was  a  3-mm  diameter  steel  cylinder  traveling  at  300  ft/sec.  Shown  in  Figures  25  though 
28  are  snapshots  of  the  original  impact  geometry,  the  pressure  distribution  on  the  ventricle 
surface,  the  internal  strain  distribution  and  the  internal  wound  tract. 


FIGURE  25.  Impact  Geometry  for  Cylinder  Impact  of  Ventricle 
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FIGURE  26.  Pressure  Distribution  on  Surface  of  Ventricle-  Cylinder  Impact 


FIGURE  27.  Strain  Distribution  in  interior  of  Ventricie  from  Cyiindricai  Projectiie  impact 
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FIGURE  28.  Wound  Track-  Cylinder  Impact 


2.2  Analytical  Determination  of  Wound  T ract  Geometry 


When  a  projectile  penetrates  a  given  target,  various  parts  of  the  surface  of  the  projectile 
encounter  materials  with  varying  properties.  We  divide  the  motion  of  the  projectile  inside  a  target 
into  two  parts;  we  first  determine  translation  by  tracking  the  motion  of  the  center  of  mass  G  of 
the  projectile  and  then  determine  the  angular  rotation  of  the  projectile  due  to  the  associated 
moments  of  surface  loading  about  G.  The  relevant  equations  of  motion  for  both  these  motions  are 
given  by 


EJF.,  dS  (uniquely  determines  the  motion  of  G) 

i=l  Si 


(2-la) 
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-  (lyy  - 

Z^t/  =  ^yy%  - (2-lb) 

Z  -  (I XX  -  lyy  >x% 

In  (2- la),  V  is  the  velocity  vector  of  G  and  N  is  the  total  number  of  projectile  surfaces  with 
geometric  discontinuities,  and  the  subscript  n  indicates  that  the  force  F  is  along  the  inward 
normal  to  the  projectile  surface  at  the  elemental  area  dS  .  For  example,  in  the  case  of  a  cylinder 
N  =  3  which  represents  three  surfaces  of  geometric  discontinuities  with  two  flat  surfaces  and  one 
curved  surface.  In  the  case  of  a  sphere  N  =  1  as  we  have  only  one  smooth  curved  surface.  In  (2- 
Ib),  I  is  the  moment-of-inertia  matrix  about  G  and  Mis  the  moment  vector  of  all  surface  loading 
about  G.  Overhead  dots  indicate  time  derivative. 

In  a  fully  three-dimensional  problem  with  material  inhomogeneities,  equation  (2-1)  represent  a 
nonlinear,  coupled,  second  order  differential  equations  in  15  unknown  variables;  six  components 
of  displacement  and  velocity,  three  components  of  angular  velocity,  six  independent  components 
of  body-fixed  unit  vectors  for  Newtonian  description  of  body-fixed  coordinate  system.  Theses 
equations  were  solved  using  the  MATHCAD^'^  code.  In  the  associated  MATHCAD  code,  these 
are  included  in  a  single  15-element  vector  x  defined  as  follows.  In  the  following,  F-frame 
indicates  body-fixed  frame  while  N-frame  is  the  Newtonian  frame. 

TABLE  4 

Physical  Description  of  x-elements: 

x1-x3:  Center  of  Mass  G  in  N-frame  (inch) 

x4-x6:  Velocity  of  G  in  N-frame  (ft/sec) 

x7-x9:  Components  of  Angular  Velocity  in  F-frame  (rad/sec) 

x10-x12:  Components  of  unit  Vector  along  Gx  in  N-frame 

(Nondimensional) 

x13-x15:  Components  of  unit  Vector  along  Gy  in  N-frame 
The  resulting  equations  can  be  solved  using  built-in  Runge-Kutta  algorithm  in  MATHCAD. 

2.2.1  Accessing  material  property  from  material  database 

The  material  property  database  is  known  in  a  Newtonian  N-frame.  Since  the  retardation  force  is  a 
function  of  material  properties  at  the  contact  point  with  the  target,  coordinates  of  the  contact 
point  are  needed  during  the  solution  of  the  nonlinear  differential  equations.  This  is  done  by 
tracking  three  orthogonal  axes  fixed  in  the  projectile,  and  including  six  independent  differential 
equations  describing  the  time  rate  of  change  of  these  axes  as  a  function  of  time.  These  are  the 
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components  xl0-xl5  described  above  in  Table  4.  Only  six  components  are  included  since  the 
third  one  can  be  found  from  mutual  orthogonality  conditions  of  these  axes. 

2.2.2  Two-Dimensional  Version  of  the  Wound  Tract  Geometry 

For  some  problems  when  the  lateral  variation  in  material  inhomogeneities  is  small  or 
nonexistent,  the  above  problem  of  determining  the  wound  tract  geometry  is  much  simpler.  In  this 
case,  the  resulting  problem  is  two-dimensional,  and  can  be  reduced  to  the  determination  of  only 
three  variables;  two  for  the  displacement  component  of  the  center  of  mass  G  and  one  for  the 
rotation  of  the  body  about  the  z-axis  assuming  that  the  motion  takes  place  on  the  xy  -  plane. 

The  first  equation  (2- la)  remains  unaltered  while  second  equation  is  simplified  to  only  one 
equation  [by  substituting  co^  =  0  =  cOy  in  (2- lb)] 

(2-2) 

These  equations  can  also  be  solved  easily  using  a  Runge-Kutta  algorithm. 

2.2.3  MATHCADTM  Coding 

Both  three-  and  two-dimensional  versions  of  the  above  nonlinear  equations  have  been  coded 
using  the  built-in  MATHCAD  Runge-Kutta  algorithm.  MATHCAD  applicability  is  somewhat 
limited  since  it  does  not  allow  access  to  global  variables  during  the  time  domain  solution  once 
inside  the  Runge-Kutta  module.  Thus  all  functions  describing  the  derivatives  of  the  components 
xl-xl5  are  written  as  stand-alone  functions  of  the  xl-xl5  with  no  other  dependency  on  external 
or  global  MATHCAD  variables.  This  made  the  code  more  complex  but  if  the  software  is 
subsequently  converted  to  C,  C-i-i-  or  Fortran  languages,  these  limitations  will  be  eliminated. 
However,  MATHCAD  allows  us  to  write  and  debug  the  code  easily  as  all  equations  are  written 
exactly  as  they  are  in  their  respective  mathematical  forms. 

Three  types  of  projectiles  are  considered  for  analysis;  these  are  selected  on  the  basis  of  various 

aspect  ratios,  ^  of  the  projectiles  where  L  is  the  length  and  D  is  the  equivalent  diameter  of  the 

lateral  area  of  the  projectile.  Cases  of  very  low  aspect  ratio  includes  flat  projectiles  like  platelet 
(Class-I),  aspect  ratios  of  approximately  one  like  sphere  or  spheroid  and  sphere-like  projectiles 
(Class-II),  aspect  ratios  of  more  than  one  like  cylinder  and  cut-cylinder(Class-in).  These 
projectiles  are  shown  in  Figure  29. 
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Plate/Platelet 

Sphere/Sphere-like  Cylinder/Cut  Cylinder 

FIGURE  29.  Projectiles  of  various  aspect  ratios  —  «  0,1  and  >1 


The  output  of  the  MATHCAD  code  are  the  temporal  distributions  listed  below. 

•  The  displacement  components  of  the  center  of  mass  G 

•  The  velocity  components  of  G 

•  The  angular  rotation  components  of  the  projectile  about  G 

•  The  angular  velocity  component  of  the  projectile  about  G 

•  The  orientation  of  all  three  body-fixed  axes  in  space 

An  Example 

Out  of  many  cases  we  analyzed  using  the  MATHCAD  developed  codes  under  this  program,  one 
example  closely  related  to  the  demonstration  presented  in  March,  2005  at  the  University  of 
Michigan  during  the  5*  quarter  VSP  IPR.  The  projectile  belongs  to  class  in  which  is  a  cut 
cylinder.  The  geometric  dimension  and  material  properties  are  shown  below.  Length  units  are  in 
millimeters  (mm),  velocity  is  in  ft/sec(fps).  The  striking  Velocity  is  200  fps  and  the  input  data  to 
the  MATCHCAD  coded  module  is  shown  below. 
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Wedge  Data 


Base  Diameter  d  :=7.0  mm 

Convert  to  cm  d  — 

Base  radius  a  — 

10 

2 

Density  p  :=8.0gm/cc 

Cylinder  Length  L:=7.0mm 

Convert  to  cm  l  — 

10 

L=7x  10  ^ 

a  =  3.5x  10 


Cutting  Angle  X  :=  atan 


Xd:=X  —  Ad  =  4.5x  10^  deg 

71 


2 

Wedge  Mass  mass  m  =K  — - p  gm 

4  2 


m=  1.07757X  10 


0 


The  output  of  the  MATHCAD  code  for  this  case  ate  the  temporal  distribution  of  the  various  field 
quantities,  and  is  shown  in  Figure  30. 


x-disp  (cm)  vs.  Time  (jus) 


y-disp  (cm)  vs.  Time  (jus) 


FIGURE  30A.  Displacement  of  the  Projectile  Center  of  Mass  G 
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x-velocity  (cm/|jsec)  vs.  Time  (i^s) 


y-velocity  (cm/|asec)  vs.  Time  (|a 


z<i> 

FIGURE  30B.  Velocity  Components  of  the  Projectile  Center  of  Mass 


Angle  (Deg)  vs.  Time  (^s) 


Angular  Velocity  (rad/^sec)  vs.  Time  (^s) 


FIGURE  30C.  Angular  Rotation  and  Angular  Velocity 
Initial  Cavity  formed  by  Wedge 
mm  vs.  fxsec 


FIGURE  30D.  Initial  Cavity  Formed  by  Wedge 
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Comparing  these  results  with  experimental  data  and  hydrocode  results,  we  find  that  the  x-  and  y- 
components  of  both  displacement  and  velocity  of  the  center  of  mass  G  of  the  cut  cylinder  are  in 
good  agreement.  No  experimental  data  is  available  for  the  angular  velocity  of  the  projectile  while 
the  rotation  of  the  projectile  as  a  function  of  time  is  in  good  agreement  for  about  200-250 
microseconds  of  penetration  but  the  experimental  results  shows  a  decrease  in  angular  rotation 
beyond  this  time.  Our  model  does  not  show  this  decrease.  This  discrepancy  is  possibly  due  to  the 
fact  that  the  target  material  tends  to  separate  from  the  projectile  surface  as  it  penetrates  which  is  a 
phenomenon  that  is  not  understood  completely  and  hence  is  not  modeled  in  our  analysis.  Such 
separation  does  not  significantly  decrease  the  components  of  the  total  retardation  force,  but  their 
moments  about  the  center  of  mass  of  the  projectile  changes  appreciably.  This  may  introduce 
accumulated  error  in  the  predicted  rotation  of  the  projectile. 

2.2.4  Determination  of  Initial  Cavity  Shape  from  Experimental/Analytical  Data 

For  the  case  of  a  cut  cylinder  or  wedge,  we  may  determine  the  initial  cavity  shape  by  tracking 
four  key  points  on  the  projectile.  These  points  are  shown  in  Figure  31. 


B  C 


FIGURE  31 .  Key  points  of  a  cut  cylinder 

For  two-dimensional  motion,  the  intial  cavity  shape  can  be  formed  by  an  upper  trace  and  a  lower 
trace.  If  the  time  domain  coordinates  of  these  key  points  are  known,  the  upper  and  lower  trace  is 
given  by 


y  upper  =  Max(y^  ,yB^yc^yD) 

yiow=Min(y^,ys,yc,yB) 


Both  analytical  and  experimental  results  van  be  used  to  find  the  time  domain  coordinates  of  the 
center  of  mass  and  the  orientation  of  the  central  axis  of  the  projectile.  These  data  can  then  be 
mapped  to  generate  the  time  domain  coordinates  of  these  key  points. 

Properties  used  for  the  cut-cylinder  penetrating  a  20%  gelatin  block  with  a  speed  of  200  fps  are 
shown  below,  and  the  intital  initial  cavity  calculated  from  the  above  method  is  shown  in  Figure 
32. 
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Cylinder  Data 

Base  Diameter  D  :=  7.4  mm 
Density  p  :=  8.0  gm/cc 


Convert  to  cm  D  :=  — 
10 


Long  Lengh  L  :=  16.0  mm  Convert  to  cm  L  :=  — 

10 

L2 

Short  Lengh  L2  :=  8.0  mm  Convert  to  cm  Lp2  :=  — 


Base  radius  a  :=  — 

2 


L  =  1.6x  10*^ 
Lp2  =  8  X  lO” 


a  =  3.7x  10 


.0x10°  ^.03x10^. 


FIGURE  32.  Intial  Cavity  Shape  of  a  Cut  Cylinder 


2.2.5  Simplifled  2D  Plane-Strain  Axisymmetric  Model  Parameter  Studies 

The  penetration  of  a  fragment/bullet  like  projectile  thru  a  human  chest  and  into  the  heart  results 
in  tissue  response  which  is  at  least  non-linear  from  a  constitutive  behavior  point  of  view  and 
creates  large  displacements  in  the  neighborhood  of  the  projectile.  In  order  to  explore  these 
effects,  a  series  of  analytical  continuum  models  and  2/3D  hydrocode  models  were  created  where 
variations  on  fragment  geometry,  tissue  material  properties,  property  inhomogeneity  and  impact 
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conditions  were  explored.  The  results  from  these  sensitivity  studies  are  discussed  below  and  in 
Appendices  B  and  C.  These  sensitivity  studies  are  being  used  to  guide  subsequent  development 
of  analytic  models  which  will  be  the  basis  for  the  predictive  tools  employed  at  the  end  of  the 
Phase  I  portion  of  the  Mission  Research  Virtual  Soldier  program. 

Three  2D  plan-strain  axisymmetric  models  were  created  using  modal  analysis.  In  the  first  model 
a  cylindrical  annulus  was  created.  Two  different  forcing  functions  were  applied  to  the  inner  wall 
of  the  annulus.  In  the  first  case  a  pressure  was  prescribed  and  in  the  second  an  initial  velocity 
corresponding  to  the  pressure  employed  in  the  first  case.  As  shown  in  Appendix  C  there  was 
minimal  difference  in  applying  these  two  different  types  of  forcing  functions.  The  model  was 
then  used  with  a  mixed  boundary  condition;  i.e.,  an  initial  velocity  was  prescribed  followed  by  a 
pressure  release  boundary.  The  results  for  this  simulation  are  shown  in  Appendix  C. 

A  second  model  was  developed  to  explore  radial  variations  in  Young’s  modulus.  In  one  case  a 
series  of  annuli  were  used  with  each  annulus  having  a  different  modulus.  The  outermost  annulus 
had  a  modulus  that  was  a  factor  of  two  higher  than  the  inner  annulus.  In  this  case,  where  there 
was  a  rather  gradual  radial  variation  in  moduli,  a  significant  difference  in  dynamic  response  was 
not  seen  and  in  general  was  proportional  to  changes  in  the  sound  speed  of  the  intervening 
material.  However,  when  the  modulus  was  varied  to  the  same  extent  but  in  a  discontinuous 
manner  (AE  »  60%)  peak  pressures  changed  by  more  than  40%.  Results  for  this  simulation  are 
also  shown  in  Appendix  C. 

A  third  model  was  developed  to  examine  inhomogeneities  that  varied  in  a  circumferential 
manner.  This  was  seen  to  have  the  biggest  effect  due  to  the  development  of  shear  forces  at 
material  property  interfaces.  This  is  discussed  in  more  detail  in  Appendix  B. 

Finally,  selected  results  from  the  plane-strain  analysis  above  were  compared  with  a  2D 
axisymmetric  model  implemented  within  a  hydrocode  where  the  plane-strain  assumption  was  not 
employed.  Surprisingly,  these  two  models  yielded  similar  results  as  shown  in  Appendix  C. 

2.2.6  2D/3D  Hydrocode  Models 

A  number  of  additional  hydrocode  models  were  developed  with  the  intent  of  investigating  the 
sensitivity  of  penetration  depth  to  the  material  properties  and  failure  criteria  of  the  gelatin 
(human  soft  tissue  surrogate).  Previous  studies  have  relied  on  measured  bulk  modulus,  sound 
speed  and  static  measurements  to  derive  a  ID  constitutive  model.  However,  penetration  studies 
have  shown  that  the  shear  modulus  and  failure  stress/strain  of  the  material  have  a  first  order 
effect  on  penetration.  Ultimately,  these  properties  will  have  to  be  either  measured  or  backed  out 
from  computer  simulations.  Currently,  we  are  using  known  properties  and  adjusting  others  by 
matching  hydrocode  simulations  with  penetration  data  as  discussed  below. 
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Our  previous  model  from  a  1993  program  sponsored  by  DARPA  was  based  upon  using  a  value 
for  the  bulk  modulus  obtained  from  flyer  plate  tests  on  gelatin  and  shear  modulus  obtained  from 
Autodyn™  hydrocode  correlation  of  velocity  versus  depth  predictions  developed  in  Task  1  from 
a  350  ft/sec  BB  impact  on  gelatin.  These  values  are  shown  in  Table  5.  The  results  from  these 
studies  suggested  that  for  a  reasonable  minimum  value  of  shear  modulus,  say  >  100  bars,  a  value 
of  failure  strain  of  greater  than  10  %  is  required  to  prevent  large  penetrations.  We  used  a 
reasonable  value  of  Poisson  ratio,  which  for  nearly  incompressible  materials  such  as  rubber 
would  be  on  the  order  of  0.48.  This  would  necessitate  a  much  larger  value  of  elastic  modulus  and 
either  a  lower  value  of  failure  strain  or  the  implementation  of  a  failure  stress  criteria. 


TABLE  5.  Potential  Variations  on  Gelatin  Material  Properties 


Correlation 

Bulk  Modulus 

Shear  Modulus 

Elastic 

Poisson 

Source 

(Bars) 

(Bars) 

Modulus(Bars) 

Ratio 

Charest  Flyer 

2.32*10M 

2170 

6300 

0.455 

Early  GBL  BB 

2.62*  lOM 

125 

375 

-0.498 

Estimate 

2.62*  lOM 

940 

3000 

0.48 

The  bulk  modulus  can  be  derived  from  a  relationship  between  shear  modulus,  G,  and  Poisson 
ratio,  V.  Typical  results  are  shown  in  Figure  33.  The  sensitivity  of  G  and  vto  an  approximately 
10%  change  in  bulk  modulus  is  also  shown  in  Figure  33,  below. 


0.48  0.482  0.484  0.486  0.488  0.49  0.492  0.494  0.496  0.498  0.5 


FIGURE  33.  Shear  Modulus  versus  Poisson  Ratio 

The  initial  hydrocode  correlation  assumed  that  the  gelatin  failed  in  shear  and  incorporated  a  shear 
strain  failure  value  of  40%.  Subsequent  thinking  suggested  that  a  principal  strain  criterion  might 
be  more  appropriate  and  the  hydrocode  correlation  with  experimental  data  suggested  that  a  value 
of  10-20%  was  more  appropriate.  In  order  to  size  reasonable  experiments,  the  model  developed 
in  Task  1,  which  assumes  projectile  diameter  scaling  was  used  to  predict  penetration  depth 
versus  impact  velocity.  The  results  have  been  previously  shown  in  Figure  3  (page  11). 
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In  Figure  4  (page  14),  data  points  from  the  recent  Task  3  ballistic  penetration  experiments 
(discussed  in  Section  3)  are  plotted  along  side  the  predictive  curves.  It  is  seen  that  the  model  does 
a  good  job  of  fitting  the  data.  Further  it  can  be  seen  that  for  a  penetration  depth  of  about  6  inches, 
a  dimension  typical  of  the  depth  of  a  heart,  a  velocity  in  the  range  of  800-1100  ft/sec  for  spheres 
with  diameters  of  interest  is  appropriate.  Thus,  steel  spheres  of  diameter  0.25-  and  0.375-inches 
(1-3  grams)  at  velocities  on  the  order  of  1 100  ft/sec  were  used  for  the  numerical  simulations. 

Normal  impacts  into  gelatin  targets  consisting  in  some  cases  of  multiple  materials  were  also 
considered.  The  intent  was  to  correlate  hydrocode  results  with  the  Task  3  impact  data  and  then 
verify  predictions  made  by  the  Task  1  modeling  for  homogenous  targets.  In  this  way,  we  would 
have  a  correlation  between  two  different  anal54ical  techniques  employing  different  assumptions 
and  experimental  data. 

A  review  of  selected  gelatin  samples  posttest  showed  both  a  residual  cavity  and  radial  tears. 
Based  upon  this  it  was  speculated  that  a  stress  rather  than  strain  failure  criteria  is  appropriate. 

A  series  of  2D  hydrocode  runs  were  then  conducted  where  the  projectile  size,  gelatin  shear 
modulus  and  failure  stress  were  varied.  The  intent  was  to  come  up  with  an  updated  set  of 
material  properties  for  gelatin  which  yielded  penetration  predictions  consistent  with  current  data. 
The  following  parameters  were  varied  in  the  model. 

(1)  Projectile  shape:  Sphere  and  Wedge 

(2)  Projectile  Diameter:  Spherical  projectiles  0.17-,  0.250-,  and  0.375-inch 
diameter 

(3)  Projectile  Material:  Steel  and  Aluminum 

(4)  Gelatin  Shear  Modulus:  100-1000  bars 

(5)  Gelatin  Tensile  Stress  Failure:  25-100  bars 

(6)  Erosion  strain  value  used  to  remove  highly  distorted  elements 

A  combination  of  parameters  was  inferred  which  allowed  the  approximate  match  of  penetration 
velocity  versus  time  and  penetration  depth.  In  the  case  of  a  0.375-inch  sphere  at  1  lOOft/sec,  a 
snapshot  from  the  anal5^ical  simulation  is  shown  in  Figure  34.  Notice  the  radial  failure  pattern 
which  is  also  observed  in  the  corresponding  ballistic  experiment.  A  comparison  of  the  Task  1 
model  of  velocity  versus  time  with  the  hydrocode  prediction  is  shown  in  Figure  35.  The 
correlation  assumed  a  nominal  bulk  modulus,  a  shear  modulus  of  125  bars,  failure  stress  of  25 
bars  and  erosion  strain  of  200%.  The  corresponding  penetration  depth  versus  time  is  shown  in 
Figure  36.  These  results  compared  favorably  with  those  shown  in  Figure  3  and  the  ballistic  data 
described  in  Task  3. 
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FIGURE  34.  Sphere  Penetration  into  Heart  Simulant 

A  series  of  3D  simulations  were  also  conducted  using  various  spherical  projectiles  impacting 
homogenous  and  layered  materials.  The  trajectory  of  the  projectile  in  the  case  where  the  material 
was  horizontally  layered  was  tracked  and  seen  to  deflect  away  from  the  stiffer  material.  A 
snapshot  of  this  simulation  is  shown  in  Figure  37. 

A  time  resolved  animated  simulation  of  the  solution  corresponding  to  Figure  38  was  previously 
sent  to  Drs.  Rick  Satava  (DARPA),  Gerry  Mosses  (TATRC),  and  Brian  Athey  (University  of 
Michigan). 

A  response  parameter  of  particular  interest  is  the  radial  velocity  of  the  cavity  wall  as  a  function  of 
time.  This  parameter  will  be  used  in  to  drive  the  cavity  wall  response  in  the  analytical  models. 
Typical  results  are  shown  in  Figure  39. 

The  blue  line  in  Figure  39  shows  the  projectile  axial  velocity  versus  time  which  at  zero  time  is 
335  m/sec.  The  y- velocity  curves  are  cavity  wall  velocities  at  various  distances  from  the  impact 
site  at  locations  just  outside  the  radius  of  the  projectile.  In  general  it  was  found  that  the  wall 
velocity  near  the  impact  site  was  on  the  order  of  1/3  of  the  axial  velocity  decaying  more  rapidly 
than  the  axial  velocity  as  penetration  occurs.  The  initial  duration  of  the  wall  response  is  less  than 
tenths  of  milliseconds. 
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Sphere  Impact  Into  Gelatin 


FIGURE  35.  Sphere  Penetration  in  Heart  Simulant:  Velocity  vs.  Time 


Sphere  Impact  Into  Gelatin 
3/8"D-SS-Normal  Impact 


FIGURE  36.  Sphere  Penetration  in  Heart  Simulant:  Depth  versus  Time 
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FIGURE  37.  Sphere  Penetration  into  Gelatin:  Bi-Material,  3D 


FIGURE  38.  Wedge  Impact  into  Heart  Simulator 
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Videos  from  three  ballistic  experiments  conducted  during  Task  3  show  the  projectile  trajectory 
and  evolution  of  the  temporary  cavity  in  the  wake  of  the  projectile.  These  videos  were  also  sent 
previously  to  DARPA  and  the  University  of  Michigan  and  show  agreement  with  pretest 
analytical  predictions.  Animated  numerical  simulations  of  these  experiments  were  also 
previously  sent  to  DARPA  and  the  University  of  Michigan. 


Gauge  History  (  dar11002d5  ) 


—  Gauge#  5Y-VEL0CITY 
Gauge#  1  X-VELOGITY 

—  Gauge#  6Y-VEL0CITY 

—  Gauge#  7  Y-VELOCITY 


FIGURE  39.  Cavity  Velocity  versus  Time 


A  3D  axisymmetric  model  is  also  being  developed  of  the  wound  tract  to  determine  the  initial 
conditions  on  the  non-linear  spring  lattice  that  represent  the  wound  tract  boundary  and  that 
describe  the  transient  dynamic  response  of  the  tissue  in  the  projectile  wake.  The  static  analysis 
prerequisite  to  the  3-D  axisymmetric  model  of  wave  propagation  in  a  cylindrical  tissue  perforated 
by  a  concentric  cylindrical  projectile  is  discussed  in  Appendix  E. 
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2.3  Wound  T ract  Modeling  and  Nonlinear  Spring  Lattice 

Section  2.3.1  discusses  the  spring  lattice  model  that  describes  the  transient  dynamic  response  in 
the  projectile  wake  (SOW  2.3).  Section  2.3.2  discusses  a  modal  analysis  model  that  describes 
radiated  stress  waves  (SOW  2.2).  This  model  is  used  to  determine  the  initial  conditions  on  the 
spring  lattice  model  (SOW  2.2.3).  Finally,  section  2.3.3  describes  software  that  has  been 
developed  to  interface  our  wound  ballistic  codes  with  the  University  of  Utah  SciRUN  code.  This 
last  effort  was  done  so  that  the  University  of  Michigan  could  display  our  output  on  the 
HOLOMER  heart  so  our  latest  I/O  formats  that  have  been  updated  to  work  with  SciRUN.  The 
output  of  these  models  is  an  MPEG  of  an  analytical  simulation  of  one  of  our  gelatin  ballistic 
experiments.  This  was  also  done  so  that  we  could  easily  do  reality  checks  on  our  code  output. 

2.3.1  Determination  of  Temporary  and  Permanent  Cavities  in  Projectile  Wake 

A  lattice  of  non-linear  springs  is  used  to  model  the  mechanical  response  of  the  soft  tissue  in  the 
wake  of  projectile  motion.  A  schematic  of  this  model  is  shown  in  Eigure  40. 

The  high  frequency  portion  of  the  power  spectrum  promotes  damage  and  the  energy  content  in 
the  high  frequency  band  dissipates  rapidly  due  to  conversion  of  energy  into  mechanical  work. 
The  current  model  is  one-dimensional  where  the  force-displacement  relation  has  been  derived 
from  experimental  data  on  tissue  deflections  under  various  loads.  Since  these  relations  are  strain 
rate  dependent,  we  assume  average  values  in  the  frequency  band  of  interest.  Due  to  residual 
strain  or  deflection  after  each  loading  and  unloading  cycle,  the  loading  curves  differ  from 
unloading.  Eor  both  loading  and  unloading,  the  force-displacement  relations  used  in  our 
nonlinear  spring  model  are  given  in  Eigure  41. 


FIGURE  40.  Schematics  of  Nonlinear  Spring  Model 


-58- 


ATK  Mission  Research 


W81XWH-04-C-0084 


The  input  to  the  nonlinear  spring  code  is  the  lateral  velocity  at  which  the  cavity  wall  is  set  to 
motion  after  the  passage  of  the  projectile  through  that  location.  For  a  three  dimensional  body,  it 
is  very  difficult  to  determine  the  relationship  between  the  lateral  cavity  velocity  and  the 
instantaneous  projectile  velocity  at  a  given  location  of  the  cavity  wall.  A  video  tape  acquired 
from  Dr.  Ronald  Bellamy,  Col.,  USAMC  shows  an  AK74  projectile  penetrating  10%  ordnance 
gelatin  photographed  at  20,000  frames  a  second.  From  these  data,  it  is  estimated  that  the  lateral 
velocity  is  about  10%  of  the  projectile  velocity.  In  general,  this  result  depends  on  the  projectile 
shape  and  orientation  as  the  projectile  is  penetrating  through  a  specific  location. 

For  a  specific  projectile  shape  with  known  curvature,  if  the  target  is  not  separated  from  the 
projectile  and  assuming  that  the  projectile  is  rigid,  the  velocity  of  the  target  material  point  in 
contact  with  the  projectile  is  normal  to  the  projectile  surface,  and  is  equal  to  the  normal 
component  of  the  projectile  velocity.  For  example,  in  the  case  of  a  slant  wedge  of  angle  6 ,  if  the 
projectile  velocity  is  along  the  x-direction  (Figure  42),  the  material  velocity  of  the  target  point 

is  along  the  normal  to  the  path  and  is  equal  to  cos  6 .  Then  the  lateral  material  velocity  along 
the  y-direction  is  sin  0  =Vq  cos  0  sin  0  .  For  our  cut-cylinder  projectile  where  9  ~  45° , 

Vj^  =Vq/2.  This  result  agrees  with  hydrocode  simulation  of  the  projectile  penetration  process. 

Using  the  three-particle  nonlinear  spring  code  where  10%  of  the  projectile  is  transferred  laterally, 
the  nature  of  permanent  and  transient  cavity  for  a  14  inch  steel  ball  moving  through  a  10%  gelatin 
at  1510  fps  is  shown  in  Figure  43.  The  correlation  with  some  experimental  data  is  also  shown  in 
Figure  43. 


Nonlinear  Spring:  Loading-Unioading  Path 


FIGURE  41.  Loading-Unloading  Paths  Used  in  Nonlinear  Spring  Code 
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FIGURE  42.  Velocity  of  Material  Point  in  Contact  with  the  Projectile 


□isplac&iTient  VS-  Timo  Of  The  Lowest  Particle  in  3-Particle  Spring  lUIodaf 
(Entry  Velocity  1 S10  FtfSec  ) 

0  5  10  1S  20  25  30  35 


FIGURE  43.  Transient  and  Permanent  Cavities  from  Noniinear  Spring  Modei 
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2.3.2  3D  Axisymmetric  Modal  Analysis  of  Stress  Wave  Radiation 

Penetrating  trauma  in  biological  tissue  is  caused  by  at  least  two  discrete  mechanisms 

(1)  Tissue  damage  along  projectile  path.  This  interaction  is  hydrodynamic  in  nature 
where  inertial  and  frictional  forces  dominate  projectile  motion  during  deceleration. 

(2)  Stress  waves  generated  at  cylindrical  interface  between  projectile  and  tissue  from 
radial  and  axial  velocities  prescribed  by  the  projectile  during  penetration.  These  waves 
radiate  to  neighboring  tissue  causing  further  damage. 

The  present  analysis  concerns  mechanism  2  above. 

As  the  projectile  penetrates  into  tissue,  it  moves  material  by  replacing  it  with  its  own  volume. 

When  the  material  fails,  it  acts  more  like  a  fluid,  lessening  the  amount  of  material  being 
compressed.  In  the  radial  direction,  material  is  compressed  by  an  expanding  cross-section  of  the 
projectile  smoothly  curved  leading  edge.  As  long  as  the  projectile  speed  is  much  smaller  than  the 
speed  of  stress  waves  in  the  material,  the  moving  projectile  can  be  approximated  by  radial  and 
axial  velocities  prescribed  along  its  boundary.  For  a  projectile  speed  on  the  order  of  hundreds  of 
feet  per  second  and  a  dilatational  speed  in  tissue  material  of  5600  ft/s,  this  approximation  is 
valid. 

The  influenced  region  is  simulated  by  tissue  material  in  the  shape  of  a  hollow  cylinder.  Let  (r,  z) 
be  radial  and  axial  coordinates  with  an  origin  at  one  end  of  the  cylinder  axis.  The  inner  cylinder 
radius  is  that  of  the  penetrating  projectile  while  its  outer  radius  r^  and  length  /  are  chosen  to 

include  the  furthest  radial  and  axial  locations  affected  by  penetration.  In  a  coordinate  system 
(r,  z)  centered  at  one  end  of  the  finite  cylinder,  the  projectile  lies  in  the  interval  <  z  <  such 

that  Zi,-z^=  Ip  where  is  projectile  length.  The  tissue  material  is  linear  viscous-elastic  with  a 
constitutive  law  that  includes  first  temporal  derivatives  of  stress  and  strain. 

For  simplicity  and  without  loss  of  generality,  axial  functions  satisfying  the  differential  equations  and 
specific  boundary  conditions  at  the  two  ends  of  the  cylinder  z  =  (0,/)  are  divided  into  2  sets.  One  set 

satisfying  vanishing  axial  stress  at  z  =  (0,l)  which  has  radial  and  axial  displacements  {u,w) 
proportional  to  (sin(m;7rz//),  cos,{mnzll))  belongs  to  “problem  1”,  where  m  is  an  integer  wave 
number.  The  other  set  satisfying  vanishing  shear  stress  at  z  =  (0,/)  which  has  {u,w)  proportional 
to  (cos(m;7rz//),  sm{m7tzll))  belongs  to  “problem  2”.  The  first  set  applies  to  radial  tractions 
prescribed  at  the  cylindrical  footprint  r  =  r^  ,  z^  <  z  <  z^,  while  the  second  set  applies  to  prescribed 
axial  tractions  along  the  same  footprint.  The  fact  that  each  set  satisfies  different  boundary  conditions 
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does  not  affect  transient  response  until  waves  reflect  from  the  axial  boundaries.  Consequently,  one 
problem  is  solved  for  each  type  of  forcing  excitation  and  results  are  superimposed  if  both  types  of 
excitation  are  acting  simultaneously. 

The  form  of  the  forcing  function  closest  to  the  application  is  radial  and  axial  velocity  prescribed  over 
part  of  the  inner  cylindrical  boundary,  yet  this  leads  to  a  mixed  boundary  condition.  This  difficulty  can 
be  overcome  by  superimposing  response  from  a  set  of  unit  radial  or  axial  tractions  with  time  dependent 
weights  prescribed  on  annular  portions  of  the  inner  boundary.  These  weights  are  updated  at  each  time 
step  using  the  condition  that  combined  velocity  response  at  the  center  of  each  annular  portion  equals 
the  prescribed  instantaneous  velocity.  In  this  way,  the  forcing  function  is  converted  to  pure  radial  or 
axial  traction  with  time  varying  spatial  dependence. 

Elastic  analysis 

In  the  analysis  to  follow,  all  subscript  will  denote  components  and  not  partial  derivatives.  In  cylindrical 
coordinates,  the  electrodynamics  equations  are 

yUV^u  +  (A  +  ^)V(V»u)  =  p5„u  (2-3) 

y^=d„+\lr  a,+l/r"  5^0+5^ 

V  =(l/r  a^r)e^+(l/rag)eg+(5^)e^ 

{r,6,  z)  are  radial,  circumferential  and  axial  independent  variables,  u  =  {u,v,  is  displacement 
vector  along  these  directions,  (A,/r)  are  Lame  constants,  p  is  mass  density  and  t  is  time.  Re-write  (2- 
3)  as 


yUV^u-i-(A-i-2^)V(V»u)-^V(V*u)  =  pd,,\x  (2-4a) 

Noting  that 

//V^u-/yV(V*u)  = -yU  Vx  Vxu  (2-4b) 

permits  casting  (2-3)  in  the  form 

(A-i-2^)V(V*u) -^VxVxu  =  p5„u  (2-5) 

Define  dilatation  A  and  rotation  vector  v|/  as 

A=V»u,  \|/  =  Vxu  (2-6) 
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Substituting  (2-6)  in  (2-5)  yields  (Love  (1944)) 

(A-i-2/i)VA  -yU  V  X  v|/ =  p 

(2-7) 

Taking  the  divergence  of  (2-7)  noting  that  V  •  (V  x\|/)  =  0  yields 

(A  +  2p)V^A  =  pA„ 

(2-8) 

Taking  the  rotation  of  (2-7)  noting  that  V  x  (VA)  =  0  yields 

pVV  =  Pt|/„ 

(2-8) 

For  ax  symmetric  motions,  u  =  6g=0  and  \j/^=\j/^=0  reducing  (2-8)  and  (2-9)  to 

(A  +  2p)V^A  =  pA„ 

^^l¥e=P¥0,„ 

Vl=d^+\l  rd^-n^  !  +d^  ,  n  =  0,l 

(2-10) 

Expressing  (2-6)  in  terms  of  u  yields 

A  =  \l  rd^  {ru)  +  d^  w 
\f/g  =d^u-d^w 

(2-11) 

Decoupling  u  and  w  in  (2-11)  produces 

Vfu  =  A  +  d^i/Zg 

VoW  =  d^A-l/rd^(n//^) 

(2-12) 

For  the  radial  “problem  1”  satisfying  cr^  =  0  at  z  =  (0,/) ,  harmonic  motions  in  time  with  radian 
frequency  co  and  simply  supported  boundaries  at  z  =  (0,1)  yields  the  separated  solution 

{A(r,z,t),y/gir,z,t)Y  =  {A(r)cos(k^z),¥e(r)sin(k^z)f  e‘'“‘ 
{u(r,z,t),w(r,z,t)Y  =  {u(r)  sm(k^z),w(r)  cos(k^z)Y 

(2-13) 
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i  =  y[-A  and  =  mn  /I  where  m  is  an  integer  axial  wave  number.  The  z  dependence  in  (2-13)  yields 
M  =  (T^  =  0  at  the  cylinder  ends  z  =  0,1 .  For  real  and  ,  equation  (2-10)  admits  the  solution 

A(r)  =C,J,{kj)  +  CMkj) 
xi7,{r)  =  C,J,{kj)  +  CJ,{kj) 
kl  =0^  I c]  -  kl  ,  cl={X  +  2^)lp 
kl=co^lc]-kl  ,  c]=plp 

J ^  and  are  Bessel  functions  and  are  dilatational  and  shear  speeds  of  sound.  If  either  k^  or  k^ 

is  imaginary,  and  in  (2-14)  are  replaced  by  the  modified  Bessel  functions  and  with 
appropriate  changes  in  sign.  Substituting  (2-13)  and  (2-14)  in  (2-12)  then  solving  for  u{r)  and  w(r) 
yields 


u{r)  =  -k^  (C,  J,{kj)  +  Q  Y,{kj))  +  k^  (C3  J,{kj)  +  Q  F^(A:,r)) 
w(r)  =  k^  (Q  J,{kj)  +  C,  Y,{kj))+  k^  (C3  J, {k^r)  +  Q  Y,{k^r)) 


In  cylindrical  coordinates,  the  constitutive  relations  are 
a^=XlS.  +  2pd^u  ,  agg  =  2A  +  2pu/ r 

(j^=AA  +  2pd^w,  =  p[d^u  +  d^w)  (2-16) 

A  =  d^u+u/  r  +  d^w 


For  “problem  1”,  harmonic  motions  in  time  and  simply  supported  boundaries  at  (0,/)  yield  the 
separated  relations 


'CT,.,.(r)sin(^^z)' 

^ee 

< 

>{r,z,t)  =  < 

agg{r)sm{k^z) 

a^(r)sin(^^z) 

J.z(^)cos(^,z) 

(2- 17a) 


Boundary  conditions  at  r  =  and  r  =  are 
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(yrr{rp,Z,t)  =  P,{t)[H{Z-Zj-H{z-Zh)] 

T,^(r^,z,0  =0  (2-17b) 

(J„(r^,Z,t)  =T^(r^,z,t)  =0 

(0  is  a  time  dependent  uniform  radial  traction  acting  on  the  inner  cylindrical  boundary  r  =  in  the 
interval  Za^Z<Z,  .  The  z  dependence  in  (2-17)  yields  u=  (7^=0  at  the  cylinder  ends  z  =  0, 1 . 
Substituting  (2-13),  (2-15)  and  (2-17)  in  (2-16)  yields 

^rr(r)=  [-((;i  +  2p)k^  +M^^)j,(kj)  +  2pk^  J,(kj)  /ikj)]c, 

+  [-((A  +  2p)k^  +  Ae^)Y,(kj)  +  2p  kl  Y,{kj)  l(kj)\ Q 
+  2pk^k^  [j^{k/)-J^{k/)  l{k/)]C^ 

+  2pk^k^[Y^{kj)-  Y^{k/)  l{k/)]C^ 

^ee(r)  =  -\_Mk^^ +k^)J^{k^r)  +  2pk^J^(k/)  /(^,r)]Q 

-[A(e^+k^)Y,(k^r)  +2pkX(.Kr)  /(^.r)]Q 
+  2pk^k^  [C,J, (k^r)  +  CJ, (k^r)  ] /(k^r) 

^Jr)=  -((A  +  2p)kl  +  Akl )  [Q7o  i.kj)  +  C,Y,  (k^  r)] 

-2pk^k^[C^jQ{kj)  +  CJ^{k^r)] 

T^{r)  =  -2pkX  [C,J,{k/)  +  C,Y,{kj)] 

-p{kykl)[C,J,{kj)  +  C,Y,{Kr)] 

Since  cr^  is  proportional  to  sm(k^z)  in  (2-17),  it  vanishes  at  z  =  0, 1 .  This  allows  a  rigid  body  motion 
w(r,  z;t)  =  w^{t)  when  external  traction  acts  along  z  .  To  avoid  the  rigid  body  motion,  an  additional 
axial  functional  dependence  is  considered  for  “problem  2” 

u{r)  cos(fc^z)j^,„, 
w(r)  sin(^^z)J 
(7,,(r)  cos(^^z) 

^eeir)  cos(^^z) 

CT,,(r)  cos(^^z) 
r^(r)  sin(^^z) 


(2-1 8a) 

(2- 18b) 

(2- 18c) 
(2-18d) 
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that  satisfies  the  following  boundary  conditions  at  r  =  and  r  = 

(^rr(rp,Z,t)  =  0 

=  p,(t)[H(z-zJ-H(z-Zh)]  (2-19b) 

(J^(r^,Z,t)  =T^^(r^,z,t)  =0 

(t)  is  a  time  dependent  uniform  axial  traction  acting  on  the  inner  cylindrical  boundary  r  =  r^  in  the 
interval  Za^Z<Z,  .  The  z  dependence  in  (18a)  yields  w  =  =  0  at  the  cylinder  ends  z  =  0,/ .  In  the 

analysis  to  follow,  superscripts  (1)  and  (2)  will  denote  radial  and  axial  problems  respectively. 
Derivations  for  problem  (2)  follow  the  same  steps  as  those  for  problem  (1)  and  are  omitted  here  for 
shortness.  Although  conditions  at  the  boundaries  z  =  0,  /  of  each  problems  are  different,  they  do  not 
affect  the  transient  response  at  times  preceding  reflection  of  waves  from  these  boundaries. 

Divide  the  cylindrical  surface  ,  z^  <  z  ^  z,,}  into  n  +  \  equidistant  ring  stations  with  increment 

Zi,  Z2’  -^3’ . ’  z„  ,  Zi- Zi_i  =  Az  =  const 

P  ^2-20) 

z,  =  z,+(/-l)Az, 

Assume  a  uniform  pressure  of  unit  intensity  to  act  over  each  ring  segment  z,_i  Zi .  The  elastic- 
dynamic  solution  to  the  ring  pressure  segment  is  outlined  below. 

For  each  pressure  segment,  expand  each  dependent  variable  in  terms  of  eigenfunctions  that  satisfy 
homogeneous  boundary  conditions.  Express  total  displacement  u^(r,z;0  as  a  superposition  of  two 
terms 


u 


(1,2), 


(r,z;0=ulf^(Az) /„(0  +  u^‘f(r,z;t) 


(1.2), 


(2-21) 


u‘^’^*(r,z)  is  static  displacement  vector  satisfying  (2-4a)  when  time  derivative  vanishes,  {r,z',t)  is 
dynamic  displacement  vector  satisfying  the  dynamic  equation  of  motion  (2-4a),  and  /^(O  is  time 
dependence  of  the  forcing  pressure.  For  each  axial  wave  number  m,  express  W^f^{r,z,t)  in  the 
eigenfunctions  0^^)^^(r,z)  (Appendix  F) 


u 


(1,2) 

dk 


(r,  Z,  0  =  2^  2,  (0  {r,z) 


i(1.2). 


(2-22) 
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is  a  generalized  coordinate  of  the  eigenfunction  with  m  axial  half  waves  from  the  k"' 
pressure  segment.  Substituting  (2-21)  and  (2-22)  in  (2-4a)  and  enforcing  orthogonality  of  <l>f,')^^(r,z) 
yields  uncoupled  equations  in  (t) .  For  an  undamped  elastic  cylinder  the  equation  governing 

‘I'lfAO  is 


<7’  =  z)  •  «>:'f  ’ (<■.  z)  dz  r  dr 

0  0 

<5,  =  1 J  z)  •  (r.z)dzr  dr 


(2-23a) 


(2-23b) 


0)^  is  the  resonant  frequency.  The  solution  to  (2-23a)  takes  the  form 


0 


(2-24) 


Evaluating  radial  and  axial  displacements  (r,  z;  t)  for  problem  (1)  and  (r,  z;  t)  for  problem  (2) 
from  the  pressure  segment  at  each  central  point  z^,  =  (z,  +  Z/_i)/2  of  a  pressure  segment  yields 
coefficients  of  the  influence  matrices 


(0  =  X S (fp (r^ , z„ )  4 (0 

7  m 

^ik  (0 = X  S  ’  Zci )  4 


(2-25) 


{“^1  (rp ,zj,  (r^ , z,, )}  and  (r^ , z,, ), w'f  (r^ , z,, )}  are  modal  and  static  displacement  dyads  at 

z^i  from  the  pressure  segment  in  problems  (1)  and  (2)  respectively.  In  (2-23)  and  (2-25)  4(0  is  a 

first  approximation  to  the  time  dependence  of  the  applied  pressure.  One  approximation  is  determined 
from  the  plane-strain  state  when  axial  length  of  cylinder  and  footprint  approaches  infinity  (Appendix 
G).  Enforcing  the  condition  of  prescribed  displacements  u'p\t)  and  at  each  time  step  yields  a 

set  of  simultaneous  equations  in  the  weights  and  pf^ 
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YUnit)pTit)  =  u^^\t)  ,  l=l,n 

k^l 

k=i 


(2-26) 


An  approximation  to  (t)  is  found  from  the  plane-strain  problem  of  the  infinite  length  cylinder  with 
prescribed  radial  displacement  at  the  inner  boundary  (Appendix  F). 


In  what  follows,  superscripts  (1,2)  are  dropped  for  shortness.  For  an  elastic  material,  eigenvalues  and 
resonant  frequencies  are  synonymous.  In  this  case,  the  eigenvalues  appear  in  pairs  co^j  and  -co^j . 

Consequently  equation  (2-2 la)  takes  the  form 


^  d  . 

- ICO 

dt 


''U  . 


f m  jk  (t)  = 

^ am  jk 

I 

^ am  jk  =J1  (r,  z)  •  (x,  z)  r  dr  dz 


0  - 
I 


=11  rdrdz 


(2-27a) 


(2-27b) 


2.3.3  SciRUN  Interface  and  Visualization  of  Gelatin  Experiments 


This  effort  was  to  achieve  the  following  objectives; 

1 .  Set  up  a  computer  on  which  to  run  SCIRun. 

2.  Model  the  Projectile. 

3.  Model  the  Gelatin  Block. 

The  following  was  accomplished: 

1 .  Set  up  a  Linux  Computer  on  which  to  run  SCIRun. 

2.  Provide  a  method  to  output  the  geometry  of  the  projectile  from  MathCAD  for  input  into 
SCIRun. 

3.  Provide  a  method  to  output  the  trajectory  of  the  projectile  from  MathCAD  for  input  into 
SCIRun. 

4.  Program  SCIRun  to  simulate  the  movement  and  geometry  of  the  projectile. 
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5.  Generate  an  MPEG  of  the  projectile  simulation. 

Step  (3)  of  the  planned  items  will  be  completed  by  the  end  of  December  n  as  it  more 
appropriately  is  handled  as  the  projectile  trajectory  model  is  debugged  during  the  V&V  phase. 

Summary  of  Deliverables  from  this  task 

•  DumpProjectile.dll,  source  code,  and  related  files 

•  user.xml 

•  Trajectory  Source  Code  for  SCIRun 

•  extract.sh 

•  Phasel.net 

•  PC  (Linux  Redhat  9  OS)  with  modified  SCIRun  code  (and  all  other  necessary  executables 
and  scripts). 

•  Phase  l.mpg 

•  movieplayer.exe 

Explanation  of  Deliverables  from  this  task 

DumpProjectile.dll 

This  is  a  MathCAD  specific  DLL  which  is  integrated  into  the  Mathcad  environment  to  allow 
Mathcad  to  generate  a  SCIRun  compliant  “fid”  file  which  defines  the  geometry  of  the  cut 
cylinder. 

The  dll  is  to  be  copied  to  the  following  directory 

Drive  Letter: \Program  Files\Math  SoftNMathcad  2001i  Professional\UserEFI 

It  should  be  noted  that  each  projectile  shape  will  require  a  different  interface  or  dll  to  write  out 
the  file.  Ideally,  the  best  solution  is  to  have  the  Mathcad  generate  the  triangles  defining  the 
geometry  and  input  those  to  a  more  generic  dll/interface  which  will  generate  the  fid  geometry 
file. 

Source  code  and  project  configuration  files  are  also  included. 

user.xml 

The  xml  file  user.xml  defines  the  interface  to  call  into  the  DumpProjectile.dll  to  create  the  fid  file 
described  above. 

This  file  is  to  be  copied  to  the  following  directory  (overwriting  the  existing  file): 

Drive  Letter: \Program  FilesVMath  SoftXMathcad  2001i  Professional\Doc\Funcdoc 
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The  interface  to  the  file  is: 

was  Written  :=  write_projectile(  Curvel,  Curve2,  OutputFile  ) 


where:  wasWritten  is  a  real  number.  If  wasWritten  =  1,  the  file  was  written  and  if  =  0,  the  file 
was  not  written  and  an  error  occurred. 


Curvel  and  Curve2  are  both  3xN  real  matrices  which  define  the  closed  elliptical  (circular)  curves 
on  the  cut  projectile. 


OutputFile  is  a  string  which  gives  either  a  relative  or  full  path  of  the  file  to  be  written. 


Trajectory  Source  Code  for  SCIRun 

The  most  effective  way  to  handle  a  trajectory  path  of  a  rigid  body  was  to  create  a  customized 
module  for  outputting  transformation  matrices  as  a  function  of  time.  This  source  code  was  code 
written  to  be  integrated  into  SCIRun  which  reads  a  specially  formatted  file  which  contains  the 
time,  position,  and  I,  J,  K  orientation  vectors  generated  by  the  Mathcad  projectile  calculation 
code  (see  below).  This  data  is  combined  for  each  time  step  to  create  a  series  of  time-dependent 
transformation  matrices  which  are  applied  to  the  geometry  data  in  the  fid  file. 

When  this  code  is  compiled  into  SCIRun  it  creates  an  MRC  specific  module  called  “Trajectory”. 
This  module  is  then  used  in  the  graphical  SCIRun  net  program  to  apply  transformation  matrices 
to  the  projectile  geometry  to  animate  the  projectile  along  the  projectile  path. 
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In  order  to  visualize  the  motion  of  the  projectile  it  is  necessary  to  slow  the  simulation  down.  A 
partial  solution  has  been  built  into  SCIRun.  Through  the  use  of  environment  variables,  the 
trajectory  output  can  be  delayed  for  a  period  of  time: 

•  MRC_TIMESCALE  (Linux  command:  “export  MRC_TIMESCALE=s”  where  s  is  a 
real  number  greater  than  0)  -  This  environment  variable  sets  a  scale  by  which  the  time 
steps  input  in  the  MRC  file  are  scaled. 

•  MRC_TIMEDELTA  (Linux  command:  “export  MRC_TIMEDELTA=s”  where  s  is  a 
real  number  greater  than  0)  -  This  environment  variable  sets  the  absolute  time  between 
projectile  transformations  and  overrides  the  effect  of  MRC_TIMESCALE. 


extract.sh 

extract.sh  is  a  Bourne  shell  script  to  be  run  on  the  Linux  computer.  The  time,  position,  and  I,  J, 
K  orientation  data  are  output  from  Mathcad  as  distinct  print  files  *.prn.  These  five  files  along 
with  the  fid  geometry  file  are  to  be  zipped  up  (using  PKZIP  or  WINZIP)  and  copied  onto  the 
Linux  computer. 
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This  shell  script  extracts  the  files  from  the  zip  file  and  then  combines  the  time,  position,  I,  J,  K 
files  into  one  file  called  a  .mrc  file.  It  is  this  file  which  is  read  by  the  Trajectory  module  in 
SCIRun  to  process  the  time-dependent  transformation  matrices. 

Phasel.net 

Phasel.net  is  the  SCIRun  graphical  program  which  reads  in  the  projectile  geometry,  animates  it 
using  the  time-dependent  transformation  matrices  from  the  Trajectory  module,  and  then  displays 
the  projectile. 
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PC  (Linux  Redhat  9  OS)  with  Modified  SCIRun  Code 

The  University  of  Utah  delivered  a  PC  with  Linux  OS  Redhat  9  installed  along  with  an  install  of 
SCIRun. 

The  Trajectory  source  code  described  above  has  been  integrated  into  SCIRun  to  support  the 
Trajectory  module  used  to  describe  the  projectile  trajectory  via  a  set  of  time-dependent 
transformation  matrices. 

Other  executables  necessary  for  creating  MPEGs  and  processing  data  files  are  also  on  the  Linux 
computer. 

Phasel*.mpg 

These  mpegs  are  generated  using  SCIRun  and  the  linux  utilities  to  show  the  projectile  animation. 
Note  that  there  is  only  one  frame  per  time  step. 

As  mentioned  previously,  environment  variables  can  be  used  to  slow  the  graphic  output.  Varying 
the  speed  at  which  the  MPEG  is  played  is  also  possible,  but  appears  to  be  reliant  on  the  number 
of  frames  available  (see  below). 

SCIRun  can  output  either  an  MPEG  or  individual  frames.  The  MPEGs  which  SCIRun  produces 
tend  not  to  run  in  even  time  increments..  However,  the  frames  are  of  good  quality.  An  MPEG 
can  be  created  from  the  frames  (which  are  graphics  PPM  files)  using  the  Linux  “convert” 
command:  “convert  -quality  100  *.ppm  Phasel.mpg”.  (It  should  be  noted  that  the  first  frame  is 
always  the  projectile  geometry  with  the  last  transformation  -  when  creating  the  MPEG,  delete  the 
first  PPM  file  *.0000.ppm.) 

Note  on  MPEG  quality  and  playing:  Even  with  the  efforts  made  so  far  and  a  variable-speed 
MPEG  player  (see  below),  it  is  felt  that  the  MPEG  can  still  be  improved.  A  shell  script  will  be 
written  on  Linux  which  will  generate  multiple  frames  from  the  frame  generated  by  SCIRun  for 
each  time  step.  It  is  felt  that  this  will  remove  some  of  the  “jerkiness”  from  the  MPEG  as  well  as 
make  it  easier  to  run  the  MPEG  at  a  much  slower  speed. 

movieplayer.exe 

According  to  the  MPEG-1  standard,  a  frame  is  to  last  26  milliseconds  or  about  38  frames  per 
second.  We  need  to  find  a  way  to  reduce  the  number  of  steps  per  second  to  a  much  slower  speed. 

It  was  desirable  to  find  an  MPEG  player  which  allowed  a  variable  rate  of  speed  to  play  the 
frames,  movieplayer.exe  allows  the  speed  of  the  MPEG  to  be  anything  from  1-300%  of  normal 
speed. 
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Assuming  the  play  rate  defined  for  MPEG-1  above,  we  should  obtain  the  following  behavior  at 
various  speeds  for  the  MPEG: 


MPEG  SPEED 

Length  of  frame 

Number  of  Erames  per  Second 

100% 

26  ms 

38 

50% 

52  ms 

19 

10% 

260  ms 

4 

1% 

2600  ms 

0.4  or  2.6  seconds  per  frame 

“The  Best  Movie  Player  1.55”  may  be  downloaded  from  http://www.svenbader.de/e  index.html. 

It  appears  through  experimentation  that  the  effectiveness  of  variable  play  on  the  MPEGs  we  are 
producing  is  marginal.  It  is  likely  that  it  is  dependent  on  the  number  of  frames  or  on  how  those 
frames  are  generated  for  the  MPEG.  However,  it  does  appear  that  between  the  time  scale  and 
the  variable  speed  MPEG  player,  we  do  have  control  over  the  speed  of  the  simulation.  Further 
methods  such  as  repeating  frames  may  be  considered  for  further  refinement  of  the  final  MPEG. 

Data  Flow 

Consider  the  following  chart: 
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MATHCAD  Program 
to  Calculate  Projecfile  Trajectory 

Zip  Files  on 
Windows  Platform 


e)dract.3ti  -  Use 
sfiell  script  Id  open 
zip  and  generate 
.fid  ai'id  .mrc 
Trajectory  files 


.fid  fil#  -  Geometry 
Definition 
AMD 
.mrc  file  - 
Contains  lime, 
position,  I.  J,  K 
vectors 


SORun  NET  program 

1)  Generates  t^e  projectile  as  a  Held 
from  the  .tld  file. 

2)  Generates  transform  matrioK  as  a 
function  of  t  wvhich  are  used  tc 
IransforTn  the  projectile. 


View  fita  Results  In 
SCIRur  end  gensrete 
frames  for  each 
transformation 


Frames  (PRM 
files) 


the  LlnuiK 
utility  "convert"  to 
generate  an 
MPEG  from  ttie 
frames 


View  the  MPEG 
u5ir^"The  Best 
Movie  Player”  on 
Windows 


The  flow  of  data  is  very  clearly  given  here. 

Comments  on  next  step  in  Visualization 

The  analysis  model  for  the  block  is  axisymmetric.  In  order  to  graphically  model  the  block,  it  will 
be  necessary  to  write  a  small  preprocessor  which  will  generate  a  three-dimensional  model  from 
the  axisymmetric  model.  The  graphical  nodes  in  the  axisymmetric  model  will  correspond  to  the 
masses  in  the  spring  model.  The  (undeformed)  block  will  correspond  to  a  three-dimensional 
representation  of  the  axisymmetric  spring  model  (masses)  at  rest. 

At  the  time  of  penetration,  it  will  be  necessary  to  gather  information  from  both  the  spring  model 
(the  masses  which  define  the  nodes  which  are  now  being  deformed  to  define  the  cavity)  and  from 
the  hydro  code  which  will  provide  the  strains. 
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2.3.4  Development  of  Analytic  Model  and  Permanent  Wound  Cavity  Results 
Heart  Geometry 

The  geometry  of  the  heart  was  provided  as  a  stereo  lithography  or  STL  file  from  Stanford, 
however,  it  was  necessary  to  translate  the  model  into  a  data  format  which  could  be  used  by 
various  engineering  analysis  software  packages.  Also,  it  was  necessary  to  be  able  to  perform  a 
rigid-body  transformation  (translation  and  rotation)  to  place  the  model  in  various  coordinate 
frames  as  required  by  the  analysis  software. 

Several  different  operations  were  performed  on  the  STL  model  provided  by  Stanford. 

1.  Use  Paraview  1.8  to  decimate  the  STL  file  as  required  for  model  verification. 

2.  Use  Paraview  1.8  to  validate  and  correct  the  Zone  12  entry  and  exit  points. 

3.  Convert  the  model  to  an  MSC.Patran  Neutral  File.  This  file  is  a  fairly  standard  method 
of  passing  finite  element  definitions  between  different  finite  element  preprocessors.  This 
model  was  used  by  a  special  meshing  package  to  generate  a  well-conditioned  hexagonal 
mesh  for  the  nonlinear  finite  element  solver;  the  output  being  used  to  create  the  Mission 
Research  movies. 

Modeling  Toolkit 

In  order  to  perform  the  data  format  translations  and  coordinate  frame  transformations,  a  “toolkit” 
of  computer  routines  was  written  from  which  we  were  able  to  generate  programs  as  needed  to 
process  the  geometry  as  well  as  generate  proper  analyses  models.  The  toolkit  was  a  set  of  C-t-i- 
classes  which  were  written  and  tested  on  both  Linux  and  Win32  platforms.  The  toolkit  has  the 
following  capabilities: 

•  Platform-independent  methods  for  file  handling. 

•  Tensor,  Matrix,  Vector,  Coordinate  Frame,  and  Transformation  Matrix  support. 

•  Support  for  MathCAD  objects  which  allows  it  to  be  integrated  directly  into  MathCAD. 

•  Spline  fitting  including  fitting  of  n-dimensional  splines. 

•  Other  mathematical  methods  including  eigenvalue  and  eigenvector  support. 

•  Read  and  Write  of  STL,  SCIRun  fid  files,  and  MSC.Patran  Neutral  Files. 
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Heart  Material  Properties 

We  worked  with  University  of  California  at  San  Diego  to  develop  a  method  for  generating 
material  properties  for  the  heart  based  on  the  information  available.  The  method  included  both  a 
first-order  approximation  and  a  modeling  process  by  which  the  Stanford  heart  model  as  geometry 
along  with  data  from  other  sources  to  generate  the  material  properties.  These  properties  are 
derived  from  an  energy  function  which  supports  large  elastic  deformations  where  the 
deformations  are  dependent  on  the  fiber  directions  in  the  myocardium.  The  first-order 
approximation  was  used  for  the  Phase  1  model. 

Integration  of  Analyses  Results 

There  were  several  aspects  of  the  analyses  that  required  integration  to  generate  the  final  results. 

1.  The  results  from  the  kinematic  analysis  of  the  projectile  which  provide  the  path  of  the 
projectile  including  location  of  the  center  of  mass  G  and  rotation  about  G. 

2.  The  nonlinear  spring  analysis  generated  the  shape  of  the  cavity  from  the  initial  entry  till 
the  motion  had  sufficiently  decayed.  This  data  needed  to  be  converted  from  a  time-based 
representation  to  a  spatial  representation  in  three  dimensions. 

3.  Strain  calculations  over  the  time  period  of  interest.  The  strains  calculated  included  the 
axial,  circumferential  and  radial  strains.  From  these,  we  calculated  the  principal  strains 
and  the  maximum  principal  strain  at  any  point. 

Using  the  projectile  path  as  calculated  from  the  kinematic  analysis  (1)  and  the  shape  of  the  cavity 
from  the  spring  analysis  (2),  the  cavity  shape  corresponding  to  the  nonlinear  projectile  path  can 
be  calculated  over  the  time  period  of  interest.  Corresponding  strain  calculations  then  can  be 
mapped  onto  the  resulting  cavity  wall  as  well  as  into  the  myocardium  of  the  heart  up  to  a 
predetermined  distance  from  the  cavity  wall. 

The  C-i-i-  toolkit  was  used  to  create  a  program  which  could  output  the  cavity  at  any  point  of  time 
along  with  the  strain  tensor  on  the  cavity  wall.  The  output  was  provided  as  a  SCIRun  fid  file 
where  the  geometry  was  transformed  into  the  Zone  12  coordinates  as  provided  by  Stanford.  The 
output  was  given  as  to  enable  downstream  applications  to  easily  integrate  the  analysis  results. 

The  following  images  depict  the  different  strains  on  the  final  cavity  wall  as  provided  for  the 
demonstration.  The  images  were  output  directly  from  SCIRun. 
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FIGURE  44.  Final  Cavity  Geometry  and  Final  Axial  Strain  Shown  as  a  Fringe  Plot 


FIGURE  45.  Final  Cavity  Geometry  and  Final  Circumferential  Strain  Shown  as  Fringe 

Plot 
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FIGURE  46.  Final  Cavity  Geometry  and  Final  Radial  Strain  Shown  as  a  Fringe  Plot 


FIGURE  47.  Final  Cavity  Geometry  and  Finai  Principal  Ax\a\  Strain  Shown  as  Fringe  Piot 
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FIGURE  48.  Final  Cavity  Geometry  and  Final  Principal  Circumferential  Strain  Shown  as 

a  Fringe  Plot 


FIGURE  49.  Final  Cavity  Geometry  and  Finai  Principal  Radiai  Strain  Shown  as  Fringe 

Plot 
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FIGURE  50.  Final  Cavity  Geometry  and  Largest  Principal  Strain  over  all  Time  Steps 

Shown  as  a  Fringe  Plot 


Support  for  Stanford  Strain  Calculations 

Two  variations  of  the  code  were  generated  as  well  to  support  a  request  from  Stanford  University 
and  University  of  Michigan  to  provide  strain  results  within  the  myocardium  itself.  Stanford 
University  requested  that  Mission  Research  generate  a  series  of  offset  cylinders  with  strain 
results.  These  results  were  given  as  SCIRun  fid  files  and  represent  provide  the  maximum 
principal  strains  at  offset  distances  from  the  cavity  wall  into  the  myocardium.  These  results  were 
required  for  Stanford  to  run  their  moment  calculations. 
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FIGURE  51 .  Maximum  Principal  Strain  at  the  Cavity  Wall 


FIGURE  52.  Maximum  Principal  Strain  at  2.5  cm  from  the  Cavity  Wall 
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FIGURE  53.  Maximum  Principal  Strain  at  5  cm  from  the  Cavity  Wall 


FIGURE  54.  Maximum  Principal  Strain  at  7.5  cm  from  the  Cavity  Wall 
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FIGURE  55.  Maximum  Principal  Strain  at  10  cm  from  the  Cavity  Wall 


The  University  of  Michigan  desired  to  obtain  strains  via  a  more  general  API  in  which  points 
could  be  input  (in  Stanford  coordinates)  via  the  command  line  or  a  file.  This  is  useful  for 
mapping  strains  into  the  myocardium.  This  capability  was  provided  near  the  end  of  the 
preparation  time  for  the  demo,  so  it  may  not  have  been  used  at  the  demo,  but  does  show  the 
capability  to  provide  such  analytical  results. 
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TASK  3 

Ballistic  Experiments 

Ballistic  testing  encompassed  using  different  projectiles  -  various  diameter  spheres,  cylinders, 
and  “cut-cylinders”  (cf.  Figure  2,  page  10)  and  different  target  materials  -  homogenous  10,  15 
and  20%  ordnance  gelatin  targets  and  inhomogeneous  hollow  10  and  20%  gelatin  targets  with 
water  inclusions. 

3.1  Initial  Ballistic  T esting 

Ballistic  testing  initially  focused  on  implementation  of  a  high-speed  digital  video  system  to 
record  the  penetration  process  of  two  projectiles,  namely  a  0.250”  diameter  steel  sphere  and  a 
steel,  right  circular  cylinder  measuring  0.250”  diameter  and  0.500”  length  (Length/Diameter,  L/D 
=  2).  A  monolithic  block  of  20%  ballistic  gelatin  was  impacted  at  various  velocities  chosen  to 
produce  similar  depths  of  penetration,  nominally  six  inches,  or  60%  of  the  target  thickness. 
Finally,  the  highest  velocity  which  would  result  in  the  cylindrical  projectile  coming  to  rest  within 
the  target  material  was  implemented  for  better  comparison  with  existing  and  newly  developed 
data  for  spherical  projectiles.  Table  6  presents  the  shot  log  for  the  initial  tests  which  have  high¬ 
speed  digital  video  records. 


TABLE  6.  Initial  Ballistic  Testing 


Run  # 

Projectile 

Mass 

Target 

Velocity 

(fps) 

Depth 

(in.) 

0506-07 

1/4"  steel  sphere 

1.04gm 

20%  gelatin 

1170 

6.3 

0506-08 

L/D=2  1/4"  steel  cylinder 

3.12gm 

20%  gelatin 

490 

6.3 

0506-09 

L/D=2  1/4"  steel  cylinder 

3.12gm 

20%  gelatin 

470 

5.7 

0506-10 

L/D=2  1/4"  steel  cylinder 

3.12gm 

20%  gelatin 

740 

9.0 

FIGURE  56.  Comparison  of  Typical  Wound  Track  for  Sphere  and  Cylinder 
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The  sphere  produced  a  straight  wound  track  while  the  cylinder  generally  produced  a  wound 
which  deviated  from  normal  as  the  projectile  slowed.  Posttest  photos  of  typical  wound  tracks  are 
presented  in  Figure  56. 

Implementation  of  the  high-speed  digital  system  allowed  an  accurate  record  of  the  penetration 
history  for  the  two  projectiles  within  the  gelatin  targets.  Posttest  processing  software  facilitated 
measurement  of  projectile  location  throughout  the  penetration  event.  Using  the  framing  rate  of 
the  camera,  an  average  projectile  velocity  was  calculated  between  successive  frames.  Frame-to- 
frame  uncertainties  in  the  precise  location  of  the  tip  of  the  projectile  resulted  in  error  bands  about 
the  actual  velocity  decay  curve.  However,  since  the  video  data  provided  a  continuous  record  of 
the  penetration  event,  uncertainties  did  not  accumulate  in  the  average  velocity  calculation. 
Therefore,  a  curve-fit  to  the  measured  data  resulted  in  a  reasonable  polynomial  description  of  the 
velocity  decay  over  time  for  the  experiments  in  Table  6.  That  data  is  presented  in  Figure  57. 

In  addition  to  the  projectile  trajectory  information,  the  high-speed  video  also  reveals  a  fluid- 
mechanical,  wake-like  structure  that  trails  the  penetrating  projectile  (see  Figure  58).  The  origin  of 
this  structure  contains  the  projectile.  The  transverse  dimensions  first  grow  and  then  shrink, 
ending  in  a  position,  which  is  similar  to  the  permanent  wound  track  created  by  the  projectile. 


Average  Velocity  vs  Time  in  20%  Gelatin 


FIGURE  57.  Velocity  Decay  for  Cylinder  and  Sphere  in  20%  Ballistic  Gelatin 
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The  images  recorded  in  the  video  were  generated  by  imaging  the  test  target  against  a  back-lighted 
optical  diffuser  which  is  basically  equivalent  to  illuminating  the  target  with  a  point  source  at 
infinity.  This  is  the  technique  used  for  “Shadow  Photography”  in  fluid  mechanics  to  reveal 
density  gradients  (diffraction)  in  the  test  volume.  It  is  not  clear  that  the  present  problem  can  be 
treated  as  a  problem  in  fluid  mechanics;  however  some  observations  and  tentative  conclusions 
can  probably  be  made  for  a  reasonably  axisymmetric  configuration. 

The  dark  boundaries  of  the  “wake”  result  from  incident  light  being  diffracted,  reflected  or 
absorbed  by  the  “altered”  property  details  of  the  material  in  these  boundaries.  The  very  light 
region  in  the  center  of  the  “wake”  (cf.  Figure  58)  results  from  the  relative  absence  of  reflective 
and  absorptive  changes  as  well  as  diffracted  light  entering  the  region.  A  void  or  a  “cavity”  will 
produce  these  results. 

The  features  discussed  above  are  rather  well  depicted  in  the  early  entry  process  of  a  cylinder  into 
the  gelatin  target  as  shown  in  Figure  58.  We  estimate  the  local  (axisymmetrical)  “cavity”  to  be 
given  by  the  diameter  indicated.  A  record  obtained  near  the  entry  site  was  selected  for  this 
presentation  because  the  dimension  of  the  entry  hole  in  the  impacted  surface  can  be  confirmed  by 
the  appearance  of  a  typical  crater  lip.  It  must  be  remembered  that  we  record  a  two-dimensional 
image  only.  A  pronounced  growth  of  the  “cavity”  is  very  obvious  when  the  cylinder  pitches  in 
the  imaged  plane.  This  is  also  consistent  with  the  suggested  interpretation  of  the  optical  data. 


FIGURE  58.  Determination  of  Boundaries  of  Temporary  Cavity  (Experiment  0506-10) 
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3.2  Spherical  Projectiles 


After  the  initial  ballistic  tests  in  Table  6,  testing  was  then  dedicated  to  filling  voids  in  the 
penetration  data  space  for  the  primary  tissue  simulant,  namely  20%  ordnance  gelatin  (see  Table 
8).  Previous  penetration  data  obtained  by  Mission  Research  and  Edgewood  Arsenal  used  small 
steel  spheres  (BB’s,  0.17”  diameter).  Limited  data  for  0.25”  steel  spheres  also  existed  at  Mission 
Research.  It  was  concluded  that  the  maximum  penetration  depth  could  be  scaled,  over  the 
velocity  range  of  primary  interest,  by  the  ballistic  coefficient  (weight  divided  by  the  product  of 
the  drag  coefficient  and  the  area)  of  the  projectiles.  The  low  velocity  range,  from  zero  to  some 
threshold  velocity  to  assure  penetration  into  the  target  is  excluded  from  this  linear  dependence,  as 
are  the  higher  velocities,  of  order  1500  feet  per  second  and  above,  for  small  spheres.  This  is 
elaborated  in  the  Task  1  discussion. 

TABLE  7.  Additional  Testing  using  Spherical  Projectiles 


Projectile 

Target 

Velocity  (fps) 

Depth  (inches) 

BB 

20%  Gel 

280 

0.0 

BB 

20%  Gel 

340 

0.3 

BB 

20%  Gel 

400 

0.6 

BB 

20%  Gel 

530 

1.0 

BB 

20%  Gel 

675 

1.5 

BB 

20%  Gel 

700 

1.6 

BB 

20%  Gel 

1000 

2.9 

BB 

20%  Gel 

1255 

3.6 

BB 

20%  Gel 

1600 

4.8 

BB 

20%  Gel 

1600 

4.8 

BB 

20%  Gel 

1610 

4.9 

.25"  sphere 

20%  Gel 

245 

0.6 

.25"  sphere 

20%  Gel 

310 

1.1 

.25"  sphere 

20%  Gel 

440 

1.6 

.25"  sphere 

20%  Gel 

1350 

6.9 

.25"  sphere 

20%  Gel 

1455 

7.2 

.25"  sphere 

20%  Gel 

1550 

7.5 

.25"  sphere 

20%  Gel 

1600 

8.1 

.25"  sphere 

20%  Gel 

1630 

8.2 

.25"  sphere 

20%  Gel 

1750 

8.1 

.375"  sphere 

20%  Gel 

810 

6.7 

.375"  sphere 

20%  Gel 

760 

6.4 

.375"  sphere 

20%  Gel 

930 

8.0 

.375"  sphere 

20%  Gel 

185 

0.4 

.375"  sphere 

20%  Gel 

270 

2.3 

.30"  wedge 

20%  Gel 

1120 

7.7 

.30"  wedge 

20%  Gel 

1230 

7.8 

.30"  wedge 

20%  Gel 

710 

6.0 

.30"  wedge 

20%  Gel 

490 

4.1 

.30"  wedge 

20%  Gel 

1360 

9.2 
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With  these  limitations  in  mind  we  were  able  to  correlate  old  and  new  spherical  projectile 
penetration  data  in  20%  ordnance  gelatin  targets.  Measured  maximum  penetration  (5  in  inches) 
data  using  BB’s  (diameter,  d  =  0.77  Inches)  were  plotted  versus  striking  velocity  for  normal 
impacts  (see  Figure  59).  A  linear  (hand)  fit  crosses  the  velocity  axis  {5  =  0)  at  260  feet  per 

3  2 

second  with  a  slope  of  3.67  x  la,  or  2.15  X 10' d,  with  d  in  inches.  The  maximum  penetration  is 
then: 


5=2.15  xlO'^diV- 260). 


FIGURE  59.  Ballistic  Data  using  Spherical  Projectiles  of  Different  Sizes 

Scaling  by  ballistic  coefficient,  that  is,  scaling  by  “<7”  was  then  applied  to  existing  and  the  newly 
generated  0.25”  sphere  data.  The  dashed  line  in  the  attached  figure,  labeled  “(BB  x  1.47)”  results 
from  multiplying  the  fit  through  the  BB-data  by  1.47,  which  is  the  diameter  ratio  of  the  0.25”- 
inch  spheres  and  the  BB’s.  This  line  is  seen  to  fall  slightly  below  the  data  from  0.25”-sphere 
impact  tests.  After  parallel  translation  to  cover  the  new  data,  shown  by  triangles,  the  solid  line, 
labeled  0.25”  resulted.  It  is  seen  to  cross  the  velocity  axis  at  130  feet  per  second,  for  5=0.  This 
line  has  a  slope  of  5.40  xlO'^  or  2.16  xlO'^d,  where  d  is  now  0.25”.  The  equation  for  max 
penetration  is  then: 


5=2.16  xlO'^diV- 130) 

Following  the  same  procedure  for  the  newly  generated  0.375-inch  steel  sphere  data  yielded  a 
slope  of  & 70  X  70'^  or  2.16  x  10'^ d,  with  a  5  =  0  intercept  atV=  -30  feet  per  second.  The 
equation  for  0.375-inch  sphere  penetration  becomes  then: 
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8=2.16  X  10'^d[V-(-30)] 

The  slopes  of  the  correlation  lines  through  the  3  data  sets  are  proportional  to  the  diameters  of  the 
projectiles  that  generated  the  data.  This  suggests  that  ballistic  coefficient  scaling  holds  rather 
well  for  the  velocity  range  of  primary  interest. 

An  asymmetrical  projectile  geometry  was  somewhat  arbitrarily  selected  to  explore  penetration 
trajectories  of  projectile  fragments.  We  elected  not  to  use  the  complicated  geometry  identified  as 
the  Army  Fragment  Simulating  projectile  and  opted  for  a  less  symmetrical  geometry  which  is 
readily  produced.  Our  projectile,  shown  in  Figure  2  (page  10),  is  a  .30  caliber  modified  right 
circular  cylinder,  two  diameters  long  with  one  end  ground  off  at  45  degrees.  This  configuration  is 
readily  launched  and  will  rapidly  develop  yaw  that  should  lead  to  early  tumbling. 

A  posttest  photograph  of  an  exploratory  impact  in  20%  ordnance  gelatin  and  using  the 
asymmetrical  projectile  (“Wedge”)  described  above  is  shown  in  Figure  60.  The  large  diameter 
material  disruption,  early  in  the  penetration  (see  Figure  61),  suggest  that  the  projectile  was 
yawing  through  90  degrees.  The  rapid  reduction  in  the  damage  diameter,  followed  by  a  small 
cylindrical  damage  region,  suggests  that  the  projectile  moved  nearly  end-on  stably  for  the  latter 
part  of  its  trajectory.  The  above  observations  are  substantiated  by  high  speed  video  records, 
recorded  during  penetration,  and  the  resting  orientation  of  the  projectile.  The  deviation  from  a 
rectilinear  trajectory  is  obvious.  Also  note  that  wound  tract  diameter  is  highly  non-uniform 
toward  the  end  of  its  trajectory  even  when  the  projectile  is  traveling  without  tumbling,  base 
forward.  Sometimes  the  wound  tract  is  much  smaller  than  the  projectile  diameter  and  sometimes 
larger. 


FIGURE  60.  Longitudinal  Target  Cross-Sections  showing  that  projectile  has  rotated  180 
degrees  so  that  it  is  penetrating  base  forward.  (A)  Experiment  040603-02  -  Wedge  into 
20%  Gelatin  @  TIOfps;  (B)  Experiment  040607-04  -  Wedge  into  15%  Gelatin  @  730fps. 
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FIGURE  61 .  Macro  Views  of  Target  Damage  using  different  lighting 


FIGURE  62.  Posttest  Photograph  of  Spherical  Penetration  Ballistic  Experiment 
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Spherical  particle  impacts,  as  expected,  reveal  virtually  no  deviation  from  the  striking  velocity 
direction.  However,  here  too,  a  wound  tract  much  smaller  than  the  projected  area  of  the  projectile 
is  evident.  See  Figure  63.  Also  note  that  there  is  material  disruption  in  front  of  the  projectile  and 
the  “wound  tract”  diameter  behind  the  projectile  is  smaller  than  the  projectile  diameter  due  the 
recoil  of  the  material  in  the  wake  of  the  projectile. 

3.3  Variation  of  Material  Properties 


Testing  of  penetration  depth,  permanent  and  temporary  wound  tract,  and  projectile  dynamics  in 
ordnance  gelatin  targets  were  also  conducted  to  determine  differences  in  response  attributable  to 
differences  in  material  properties  in  the  target  material.  For  this  purpose  we  tested  ordnance 
gelatin  of  10%  (by  weight)  and  15%  concentrations  for  comparison  to  the  primary  data  base 
generated  for  20%  ordnance  gelatin. 


We  performed  impact  tests  with  spheres  and  a  30  caliber  “wedge-cylinder”  projectile  with 
striking  velocities  ranging  from  nominally  500  to  1,400  feet  per  second  as  seen  in  the  Run  Log  in 
Table  8,  below.  For  a  qualitative  comparison  we  included  a  single  test  using  a  “standard  US 
Army  Fragment  Simulator.”  This  small  (1.13  grams),  asymmetrical  projectile  produced  a 
penetration  depths  very  similar  to  those  produced  by  0.25-inch,  spherical  projectiles  (1.04 
grams),  in  15%  gelatin  targets. 

TABLE  8.  Ballistic  Experiments  on  Homogeneous  10, 15,  and  20%  Gelatin  Targets 


Run  # 

Projectile 
Diameter  (in) 

Projectile 

Shape 

liH 

Target 

Material 

Velocity 

(fps) 

Projectile  Resting 

Depth  (in) 

Maximum  Visible 

Penetration  (in) 

Q2-01 

0.250 

Sphere 

1.04 

15%  Gelatin 

1300 

9.0 

9.0 

Q2-02 

0.250 

Sphere 

1.04 

15%  Gelatin 

680 

4.7 

4.6 

Q2-03 

0.300 

Wedge 

4.10 

15%  Gelatin 

730 

6.9 

6.8 

Q2-04 

0.300 

Wedge 

4.10 

15%  Gelatin 

690 

6.4 

6.4 

Q2-05 

0.250 

Sphere 

1.04 

15%  Gelatin 

900 

6.8 

6.8 

Q2-06 

0.250 

Sphere 

1.04 

15%  Gelatin 

460 

3.2 

3.2 

Q2-07 

0.250 

Sphere 

1.04 

15%  Gelatin 

1390 

thru 

thru 

Q2-08 

0.300 

Wedge 

4.10 

15%  Gelatin 

700 

6.7 

6.7 

Q2-09 

0.220 

Frag  Sim 

1.13 

15%  Gelatin 

1060 

6.9 

6.9 

Q2-10 

0.300 

Wedge 

4.10 

15%  Gelatin 

900 

7.2 

7.6 

Q2-11 

0.300 

Wedge 

4.10 

15%  Gelatin 

1000N 

7.6 

7.9 

Q2-12 

0.300 

Wedge 

4.10 

20%  Gelatin 

1050 

6.8 

7.1 

Q2-13 

0.300 

Wedge 

4.10 

20%  Gelatin 

1400 

9.2 

9.6 

Q2-14 

0.250 

Sphere 

1.04 

10%  Gelatin 

600 

8.3 

8.3 

Q2-15 

0.250 

Sphere 

1.04 

10%  Gelatin 

560 

8.0 

8.0 

Q2-16 

0.250 

Sphere 

1.04 

15%  Gelatin 

940 

6.0 

6.1 

Q2-17 

0.300 

Wedge 

4.10 

10%  Gelatin 

470 

7.3 

7.4 

An  important  objective  of  this  test  series  was  to  explore  techniques  for  mapping,  in  real  time, 
projectile  trajectories,  especially  for  the  asymmetrical  “wedge”  projectiles.  As  expected,  high 
framing  rate  photography  was  best  suited  for  this  purpose,  in  transparent  targets.  These 
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photographic  records  reveal  projectile  location,  orientation  and  velocity,  and  also  formation  and 
collapse  of  the  temporary  wound  tract. 

We  have  derived  projectile  pitch  data  from  this  record  and  one  example  is  presented  in  Figure  63. 
below.  In  addition,  projectile  deceleration  as  a  function  of  penetration  depth  was  obtained  as  well 
as  cavity  wall  dynamics. 


FIGURE  63.  Cut-Cylinder  Rotation  Angle  versus  Penetration  Depth  for  Experiment  Q2-13. 
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KEY  RESEARCH  ACCOMPLISHMENTS  AND  CONCLUSIONS 


•  A  model  of  tissue  response  from  a  survivable  penetrating  wound  to  the  human  left 
ventricle  was  developed.  The  model  described  the  residual  wound  tract  and  qualitatively 
was  consistent  with  anecdotal  data  from  military  trauma  surgeons  regarding  these 
wounds.  The  predicted  wound  geometries  was  also  consistent  with  animal  testing. 

•  The  model  also  described  the  tissue  dynamics  of  the  wound  tract  from  a  beating  heart, 
including  modulation  of  the  pressure  in  the  wound  tract.  This  was  discovered  to  be  an 
important  effect  in  that  for  small  diameter  wounds,  the  tract  periodically  opens  and  closes 
permitting  and  obscuring  blood  loss  form  the  wound.  Failure  to  include  his  effect  results 
in  gross  overestimation  of  blood  loss  and  skewed  results  for  predicted  outcomes. 

•  Stress  waves  propagating  over  heart  form  the  ballistic  impact  are  sufficient,  based  on 
previous  research,  to  cause  transient  ion  upset  in  the  neighborhood  of  the  wound  tract. 
This  upset  is  sufficient  to  disrupt  the  polarization  wave  causing  contraction  of  the  heart. 
This  disruption  can  cause  arrhythmias  that  can  transition  into  potentially  lethal 
fibrillation.  These  effects  were  not  further  considered  in  this  effort  but  should  be 
considered  in  the  future. 

•  A  technique  was  developed  to  model  relevant  human  tissue  dynamic  properties  based  on 
quasistatic  mechanical  property  data  for  these  tissues.  This  is  important  in  that  dynamic 
mechanical  property  data  is  not  available  for  human  tissue  and  these  sets  of  data  are 
critical  input  for  any  subsequent  analysis  of  projectile  penetration.  The  methodology  was 
validated  by  using  various  formulations  of  gelatin  where  only  static  mechanical  property 
data  was  available  and  correlating  with  experimental  measurements  (using  high  speed 
digital  video)  of  projectile  velocity,  projectile  rotational  kinematics,  projectile  trajectory, 
transient  target  response,  and  residual  cavity  (wound  tract)  in  the  target  as  a  function  of 
time  during  and  immediately  following  projectile  penetration. 
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REPORTABLE  OUTCOMES 


The  following  five  peer-reviewed  papers  were  published  from  this  project.  Copies  of  these 
papers  are  included  in  the  indicated  appendices  for  the  reader’s  convenience. 

(1)  Eisler,  R.  D.,  Stone,  S.  F.,  and  Chatterjee,  A,  K.,  Analytical  Simulation  of  Penetrating 
Wounds  to  the  Heart,  MMVR  2005.  See  Appendix  N. 

(2)  El-Raheb,  M.,  An  Acoustic  Model  for  Wave  Propagation  in  a  Weak  Layer,  JOURNAL  OF 
APPLIED  MECHANICS,  Vol.  72,  September  2005,  pages  744-751.  See  Appendix  J. 

(3)  El-Raheb,  M.,  Transient  Waves  in  an  Inhomogeneous  Hollow  Infinite  Cylinder, 
INTERNATIONAL  JOURNAL  OF  SOLIDS  AND  STRUCTURES,  Accepted  with  Revision,  7 
February  2005.  See  Appendix  M. 

(4)  El-Raheb,  M.,  Wave  Propagation  in  a  Hollow  Cylinder  Due  to  Prescribed  Velocity  at  the 
Boundary,  INTERNATIONAL  JOURNAL  OF  SOLIDS  AND  STRUCTURES,  Accepted  with 
Revision,  8  March  2005.  See  Appendix  K. 

(5)  El-Raheb,  M.,  Transient  Response  in  a  Finite  Hollow  Cylinder  from  Time-Delayed 
Prescribed  Motion  at  the  Boundary,  JOURNAL  OF  SOUND  AND  VIBRATION,  Accepted  with 
Revision,  11  March  2005.  See  Appendix  L. 
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CONCLUSIONS 

ATK  Mission  Research  was  sponsored  by  DARPA’s  Virtual  Soldier  program  to  analytically 
simulate  residual  wound  tracts  and  tissue  dynamics  associated  with  a  survivable  wound  from  an 
explosively  driven  fragment  penetrating  the  left  ventricular  wall  of  the  human  heart.  The  resulting 
ATK  Mission  Research  wound  description  was  used  in  the  D  ARP  A/University  of  Michigan  Virtual 
Soldier  program  as  initial  conditions  for  describing  blood  loss  and  occurrence  of  hemorrhagic 
shock.  A  key  finding  was  that  the  tissue  dynamics  of  the  wound  tract  from  a  beating  heart, 
particularly  for  small  diameter  wounds  that  are  survivable,  are  critical  in  the  resulting  blood  loss 
calculations.  The  wound  tract  periodically  opens  and  collapses  due  to  modulation  of  pressure  within 
the  tract.  This  intermittent  open  and  closing  of  the  wound  intermittently  prevents  and  permits  blood 
loss  form  the  wound.  Failure  to  include  the  tissue  dynamics  in  the  blood  loss  calculations  results  in 
a  gross  overestimation  of  blood  loss  and  skewed  results  for  predicted  outcomes. 

Stress  waves  propagating  over  heart  form  the  ballistic  impact  are  sufficient,  based  on  previous 
research,  to  cause  transient  ion  upset  in  the  neighborhood  of  the  wound  tract.  This  upset  is  sufficient 
to  disrupt  the  polarization  wave  causing  contraction  of  the  heart.  This  disruption  can  cause 
arrh3^hmias  that  can  transition  into  potentially  lethal  fibrillation.  These  effects  were  not  further 
considered  in  this  effort  but  should  be  considered  in  the  future. 

Finally,  a  technique  was  developed  to  model  relevant  human  tissue  dynamic  properties  based  on 
quasistatic  mechanical  property  data  for  these  tissues.  This  is  important  in  that  dynamic  mechanical 
property  data  is  not  available  for  human  tissue  (although  quasistatic  mechanical  property  data  is) 
and  dynamic  mechanical  property  data  is  critical  input  to  any  subsequent  analysis  of  projectile 
penetration  into  tissue.  The  ATK  Mission  Research  methodology  was  validated  by  using  various 
formulations  of  gelatin  that  from  previous  research  were  shown  to  be  phenomenologically  similar  to 
soft  tissue  in  terms  of  projectile-tissue  interaction.  Static  mechanical  property  data  was  used  for 
these  “unknown”  formulations  of  gelatin  targets  and  used  to  successfully  correlate  with 
experimental  measurements  (using  high  speed  digital  video)  of  projectile  velocity,  projectile 
rotational  kinematics,  projectile  trajectory,  transient  target  response,  and  residual  cavity  (wound 
tract)  in  the  target  as  a  function  of  time  during  and  immediately  following  projectile  penetration. 

Two  additional  tasks,  unrelated  to  the  base  effort  described  above,  were  added  to  the  Mission 
Research  SOW.  The  first  of  these  tasks  included  using  a  modified  Nail  Gun  developed  by  the  US 
Army  Institute  of  Surgical  Research  (ISR)  on  ordnance  gelatin  targets  and  comparing  residual 
damage  produced  in  the  gelatin  by  the  ISR  Nail  Gun  as  compared  to  the  residual  damage  from 
ballistic  experiments.  A  separate  letter  report  and  a  DVD  with  high-speed  digital  video  of  all 
experiments  were  sent  under  separate  cover  for  this  task.  The  second  task  included  conducting 
hydrocode  analysis  of  body  armor  S  API  plates  subject  to  non-penetrating  projectiles  and  blast 
and  is  discussed  in  Appendix  O. 
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APPENDIX  A 

ATK  MISSION  RESEARCH 
STATEMENT  OF  WORK 
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MISSION  RESEARCH  CORPORATION  (MRC) 
STATEMENT  OF  WORK 


MRC  will  develop  analytic  models  that  describe  tissue  damage  from  ballistic  impact  by  a  fragment  with  a 
low  striking  velocity  penetrating  the  heart.  Tissue  damage  will  include  descriptions  of  the  projectile 
trajectory  through  the  heart  and  tissue  damage  lateral  to  the  projectile  trajectory  (the  wound  tract). 

The  MRC  effort  will  be  divided  into  two  phases.  The  period  of  performance  for  Phase  I  will  be  1  February 
2004  though  1  April  2005.  The  period  of  performance  for  the  optional  second  phase  will  be  1  April  2005 
through  1  April  2006.  [The  period  of  performance  was  modified  to  be  consistent  with  the  overall  Virtual 
Soldier  Program.  Thus,  Phase  I  extends  from  1  March  2004  through  July  2005  and  Phase  II  is  now  2-1/2 
years  in  duration]. 

TASK  DESCRIPTIONS 

Phase  I  will  consist  of  four  tasks:  (1)  analytical  simulation  of  the  projectile  trajectory,  (2)  analytic  simulation  of  the 
wound  tract,  (3)  ballistic  experiments  on  tissue  and  biosimulant  materials,  and  (4)  preparation  of  deliverables. 

PHASE  I  -  PROJECTILE  SOFT  TISSUE  INTERACTION 

Task  1  -  Analytical  Simulation  of  Projectile  Trajectory 

MRC  will  develop  algorithms  and  required  material  properties  to  describe  the  trajectory  and  velocity  retardation 
through  biological  tissue.  This  first  task  will  consist  of  three  subtasks:  (1)  material  property  measurements;  (2) 
development  of  projectile  retardation  algorithms;  and  (3)  Development  of  algorithms  for  a  user  prescribed  projectile. 

1. 1  Tissue  Mechanical  Properties 

MRC  will  measure  relevant  properties  of  biosimulant  and  tissue  materials  representative  of  targets  tested  in 
Task  3. 

1.2  Projectile  Retardation 

MRC  will  develop  algorithms  in  terms  of  static  and  dynamic  material  properties  either  available  in  the 
literature  or  from  Task  1.1  that  describe  velocity  retardation  and  the  path  of  a  prescribed  standard  projectile 
through  tissue  and  biosimulant  targets. 

1. 3  Simulation  of  Arbitrary  Projectile 

MRC  will  generalize  the  algorithms  developed  in  subtask  1.2  for  a  standard  projectile  to  an  arbitrary  low 
velocity  projectile. 

Task  2  -  Analytic  Simulation  of  Wound  Tract 

Using  the  projectile  velocity  retardation  and  trajectory  described  in  Task  1,  MRC  will  use  the  transient  tissue 
response  model  developed  in  subtask  2.1  to  simulate  damage  lateral  to  the  projectile  trajectory  in  subtask  2.2. 
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2. 1  Analytic  Simulation  of  Tissue  Transient  Response 

MRC  will  develop  transient  dynamic  response  models  of  the  wound  tract. 

2. 1  Analytic  Simulation  of  Wound  Tract  Geometry 

MRC  will  simulate  wound  tract  geometry  using  the  transient  response  models  developed  in  sub  task  2.1.  MRC  will 
also  assist  in  integration  of  the  wound  tract  model  into  the  human  Holomer  being  developed  by  the  University  of 
Michigan  for  DARPA’s  Virtual  Soldier  project. 

Task  3  -  Ballistic  Experiments  on  Tissue  and  Surrogate  Materials 

MRC  will  conduct  ballistic  impact  experiments  with  suitably  designed  launchers  and  projectiles  on  instrumented 
homogeneous  and  non-homogeneous  ordnance  gelatin  targets.  Hybrid  targets  will  also  be  developed  that  include 
pressurized  and  un-pressurized  porcine  hearts  in  a  gelatin  matrix.  MRC  will  obtain  impact/penetration  data  and  data 
relative  to  stress  wave  formation  and  propagation  in  porcine  tissue  and  in  the  chambers  of  the  heart.  The  data  from 
these  experiments  will  be  correlated  to  models  developed  in  Tasks  1  and  2. 

Task  4  -  Preparation  of  Deliverables 

Deliverables  will  be  threefold  and  include:  (1)  quarterly  status  reports,  (2)  attendance  and  presentation  at  designated 
quarterly  technical  interchange  meetings,  and  (3)  a  Phase  I  final  report. 

PHASE  II  (OPTION)  -  PROJECTILE  TISSUE  INTERACTION  INCLUDING 

FLUID,  BONE,  AND  POROUS  TISSUE 

Task  5  -  Phase  II  Analytical  Simulation  of  Projectile  Trajectory 

MRC  will  develop  algorithms  and  required  material  properties  to  describe  the  trajectory  and  velocity  retardation 
through  biological  tissue,  including  bone,  fluid  interfaces,  and  porous  materials.  This  task  will  consist  of  three 
subtasks:  (1)  material  property  measurements;  (2)  development  of  projectile  retardation  algorithms;  and  (3) 
Development  of  algorithms  for  user  prescribed  projectiles. 

Task  6  -  Phase  II  Analytic  Simulation  of  Wound  Tract 

Using  the  projectile  velocity  retardation  and  trajectory  described  in  Task  5,  MRC  will  use  a  transient  tissue  response 
model  developed  to  simulate  fracture  and  damage  lateral  to  the  projectile  trajectory. 

Task  7  -  Phase  II  Ballistic  Experiments  on  Tissue  and  Surrogate  Materials 

MRC  will  conduct  ballistic  impact  experiments  with  suitably  designed  launchers  and  projectiles  on  instrumented 
homogeneous  and  non-homogeneous  ordnance  gelatin  targets.  Hybrid  targets  will  also  be  developed  that  include 
biological  tissue  in  a  gelatin  matrix.  MRC  will  obtain  impact/penetration  data  and  data  relative  to  stress  wave 
formation  and  propagation.  The  data  from  these  experiments  will  be  correlated  to  models  developed  in  Tasks  5  and 
6. 

Task  8  -  Phase  II  Preparation  of  Deliverables 

Deliverables  will  be  threefold  and  include:  (1)  quarterly  status  reports,  (2)  attendance  and  presentation  at  designated 
quarterly  technical  interchange  meetings,  and  (3)  a  Phase  II  final  report. 
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APPENDIX  B 

STATIC  SOLUTION  OF  CYLINDER  IN 
PLANE-STRAIN  WITH 
CIRCUMFERENTIAL  INHOMOGENEITIES 
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static  solution  of  cylinder  in  plane-strain  with  0 -inhomogeneity 

The  static  solution  of  a  hollow  cylinder  in  plane-strain  is  the  first  step 
toward  the  analysis  of  transient  response.  The  effect  on  variables  of 

circumferential  or  0 -inhomogeneity  from  an  axisymmetric  pressure  applied  at  the 
inner  boundary  is  evaluated. 

Static  and  dynamic  solution  of  the  homogeneous  hollow  cylinder  in  plane- 
strain  is  a  straight-forward  mathematical  task  as  the  problem  yields  to  an  exact 
treatment.  Radial  inhomogeneity  requires  a  more  complicated  analysis  yet  the 
problem  still  yields  to  an  exact  treatment  if  a  step-wise  radial  variation  in 

modulus  is  assumed.  In  other  words,  divide  the  region  <  r  <  into 
equidistant  annular  segments 

rj<r<rj^,  ,  j  = 

Ar.=r.,j-r.  ,  r.  =(r^-r^)l 

and  are  inner  and  outer  radii,  and  modulus  Ej  is  constant  over  each  segment 

yet  varies  from  one  segment  to  the  other,  r -inhomogeneity  is  axisymmetric  as  E 

varies  only  along  r  but  remains  constant  along  6  .  Consequently,  only  extensional 
waves  are  excited.  The  solution  adopts  transfer  matrices  of  annular  segments  with 
varying  properties. 

The  0 -inhomogeneity  is  substantially  more  complicated  since  a  step-wise 
discretization  along  the  circumference  is  not  possible.  The  only  way  to  treat  the 

0 -inhomogeneity  analytically  is  by  the  Galerkin  method.  Eigenfunctions  of  the 
asymmetric  homogeneous  dynamic  equations  are  utilized  as  trial  functions  in  the 
inhomogeneous  dynamic  equations.  The  static  solution  is  attempted  first  to 
evaluate  the  stability  and  convergence  of  the  Galerkin  method. 

Fig.  2.  plots  distribution  of  variables  along  r  for  the  homogeneous  hollow 

cylinder  made  of  gelatin  with  r^=0.25"  and  with  an  axisymmetric  unit 
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pressure  applied  at  r  =  .  Fig.  2a  plots  radial  displacement  U  and  Fig.  2b  plots 

radial  and  circumferential  stresses  ^rr^^ee  •  Note  the  exponential  decay  of  all 

variables  with  r  .  Also  note  that  magnitudes  of  and  (Jqq  are  the  same  at  the 

inner  wall  and  equal  the  applied  unit  pressure. 

Consider  a  0 -inhomogeneity  in  the  form 

r(6>)  =  £'o[l  +  0.5cos(26>)] 

meaning  that  modulus  is  made  of  an  axisymmetric  component  with  magnitude 

superimposed  to  a  component  of  magnitude  O.SE^  that  varies  along  9  following  a 

COS(20)  distribution,  in  this  way,  maximum  magnitude  is  E^^=1.5Eq  at  9=0  and 

9  =71  ,  and  minimum  magnitude  is  E^^^  —  O.SEq  at  0  =7r /2 ,  yielding  an  E^^^IE^.^  =  3. 

Fig.  3(al-dl)  plots  r  distribution  of  variable  with  9  =0^  71 !  71 !  2  as  parameter, 

while  Fig.  3(a2-d2)  plots  9  distributi  on  with  r  =  2rp,  4rp,  8r^  as  parameter.  U 

and  circumferential  displacement  U  have  approximately  the  same  magnitude  yet  they 

are  almost  half  the  axisymmetric  U  in  Figure  2a.  Both  U  and  U  vary  periodically 

along  9  as  shown  in  Fig.  3(a2,b2)  .  achieves  its  maximum  magnitude  of  unity  at 

the  inner  boundary  consistent  with  the  boundary  condition  there  (see  Fig.  3(cl- 

c2))  .  An  interesting  and  important  finding  is  the  magnitudes  of  (Jqq  (Fig.  3  (dl- 

d2))  and  axial  stress  (7^  (Fig.  3(el-e2))  at  the  inner  boundary.  is 

approximately  13  times  larger  than  applied  pressure  while  is  almost  6  times 

higher  than  applied  pressure.  This  can  be  attributed  to  the  9  motion  that  exists 
for  the  inhomogeneous  asymmetric  case  while  it  vanishes  identically  for  the 

homogeneous  axisymmetric  case.  Note  that  remote  from  the  inner  boundary  r  >  , 
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magnitudes  of  and  are  almost  twice  the  applied  pressure.  Note  that  for 

0  > 7t ! A  Cgg  changes  from  compression  to  extension  suggesting  that  circumferential 
asymmetry  produces  a  magnified  tensile  (Jqq  enhancing  radial  tearing  of  tissue. 


Figure  L  E  circumf.  distrib.  ,  E^^^  =  0.50 Eg  >  ESOEg 


r/r. 


Figure  2.  Distribution  of  axisymmetric  static  displacement  and  stresses 
of  homogeneous  cylinder  in  plane  strain 
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APPENDIX  C 

SIMPLIFIED  PLANE-STRAIN 
ANALYTICAL  RESULTS 
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APPENDIX  D 

LISTING  OF  PROJECTILE  TRAJECTORY 

MathCAD  code 
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MATHCAD  CODE 

DETERMINATION  OF  WOUND  TRACK 
TRANSLATIONAL  AND  ROTATIONAL  MOTION  OF 
A  CUT  CYLINDER  INSIDE  A  TARGET 

DEVELOPMENT  OF  GENERAL  MODULAR  CODE  APPLICABLE  TO  AN  ARBITRARY  SHAPED 
PROJECTILE 


Moment  of  Inertia  about  the  Combined  Center  of  Mass  G 
Geometry  of  Cut  Cylinder 


Cylinder  Base  Radius  a  :=  1 
Length  of  Cylinder  L  :=  A 
Cutting  Angle  M  :=  3C  deg 

180 

Ac  -  A 
2 

(Complimentary  Angle) 

Lp  :=  2- a -tan (a) 

Lp2  :=  L  -  Lp 
L  =  4 
Lp  =  1.155 
Lp2  =  2.845 

Total  Volume:  V  :=  Ti-a^- 

Cut  Volume  V2  :=  Tca^-  — 

2 

Volume  1  VI  V  -  V: 

V=  10.753 
V2=  1.814 
VI  =  8.939 


Analysis  of  Section  One:  Upper  Cut  Section 
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Sectional  Functions 


xn(b) 


(|)  <—  asin 


(r 


4 

s  <—  —-a 


3  71  -  2* (|)  -  sin(2-(|)) 


md(b)  := 


(|)  ^  asin 
2 

s  <—  “  sin(2-(|))) 


Cut  Mass  cutmass(?i)  :=  7r'a^'tan(A.) 

c(b,?i)  :=  a-tan(A.)-|^—  + 

x-distance  of  CM  from  A,  the  base  center 
of  the  cut-section 

rl 

tan  (a.)-  c(b  ,  A)-md(b)  db 

xdis(A)  := - --r - 

cutmass  (a) 

y-distance  of  CM  from  A,  the  base  center 
of  the  cut-section 

rl 


tan 


xn(b)-md(b)  db 


ydis(A)  := - 

xd  :=  xdis(A) 
yd  :=  ydis  ( a) 


-  1 


cutmass  (a) 


Ixy  of  Section  One  about  the  base  center  A 
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Parameter  Definitions 

I(G,  V,B,  A,IA,n)  GB  ^  B  -  G 
GA  ^  A  -  G 
if  n  <  3 

fad  ^(|GB|f 

fac2  ^(|GA|)^-(gaJ^ 

ans  ^  lA  +  (fad  -  fac2)'V 

otherwise 

kl  n  -  3 
k2  ^  kl  +  1 

k2  k2  -  3* floor 

fad^GB^^l-GB^^l 

fac2  ^  GA^j.GA^2 
ans  ^  lA  +  (fad  -  fac2)'V 

I  ans 

G  =  Center  of  Mass  of  V 
B=  MI  about  desired  point 
A=MI  about  known  point 
n=MI  index  code 
n=l  for  XX,  =2,  for  yy,  3  for  zz 
n=4  for  xy,  =5  for  yz  and  =6  for  zx 
Check  Algorithm 
n  :=  6 
kl  :=  n  -  3 
k2  :=  kl  +  1 

k2  :=  k2  -  3- floor 

kl  =3 
k2  =  1 
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Coordinates  of  Various  Key  Locations  wrt.  the  uncut  base  section  center  O  as  origin,  x-axis  along  the  cylinder 
axis,  y-axis  along  the  cross-sectional  axis  of  symmetry 


A 


G1 


Lp2 
0 

V  0  y 
f  Lp2^ 

2 

0 

V  0  y 


G2:= 


yd 

vOy 


G3  A  + 


+  A 

2 

0 


A  = 


V  0  y 
( 2.845^ 


0 

V  0  y 
^  1.423^ 


Gl  = 


G2  = 


G3  = 


0 

V  0  y 
^ 3.206^ 

0.25 

V  0  y 

^ 3.423^ 


glg2  G2-G] 


gig  — 'glg2 
G:=  G1+  gig 
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gg3  G3  -  G 
g3g  :=  G  -  G; 
ga  :=  G  -  A 


g2g3 

=  G3 

-g; 

g2g 

G-( 

j: 

fl 

.723^ 

G  = 

0 

L042 

V 

0  y 

f  1.699^ 

gg3 

= 

-0.042 

1  0 

J 

^-1.699^ 

g3g 

0.042 

1  0 

J 

f^-1.483^ 

g2g 

-0.208 

0  J 
f  0.217^ 


g2g3  = 


-0.25 


0  J 


Known  Moment  of  Inertia  of  Volume  1:  VI:  About  Gl,  CM  of  VI 

4  Lp2 

IxxVlGl:=  7i-a  •  — 

2 

^  2  ^ 

Lp2  2 
— —  +  a 
.  V  3  ; 

IzzVlGl:=  IxxVlG 
IxyVlGl:=  C 
IyzVlGl:=  C 
IzxVlGl:=  C 

Known  Moment  of  Inertia  of  Volume  2:  V2:  About  A,  Base  Center  of  Cut  Portion 


2  Lp2 

IyyVlGl:=  Ti-a  •  — 
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IxxV2A:= 


4  Lp 

Ti-a - 

2 


IyyV2A 


Tc-a 


2  Lp 


2I 


V  3 


IzzV2A:=  IyyV2A 
IxyV2A  :=  IAxy(a ,  A.) 
IyzV2A  :=  0 
IzxV2A:=  0 
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Using  the  Shift  Function  I(G,  V, B,  A , lA , n) 

Calculate  the  Moment  of  Inertia  of  the  cut  cylinder  about  its  center  of  mass  G 
Volume  VI 

IxxVlG=  I(Gl,Vl,G,Gl,IxxVlGJl) 


IxxVlGl=  4.469 
IxxVlG=  4.485 
VI  =  8.939 

IyyVlG:=  I(G1,  Vl,G,Gl,IyyVlGl,2) 
lyyVlGl  =  8.265 
IyyVlG  =  9.074 

IzzVlG:=  I(Gl,Vl,G,Gl,IzzVlG13) 
IzzVlGl=  4.469 
IzzVlG=  5.294 

IxyVlG:=  I(G1,  Vl,G,Gl,IxyVlG],4) 
IxyVlGl=  0 
IxyVlG=  0.113 

lyzVlG:=  1(G1,  Vl,G,Gl,lyzVlGl,5) 

lyzVlGl=0 

lyzVlG=  0 

lzxVlG=  l(Gl,Vl,G,Gl,lzxVlGJ6) 
lzxVlGl=  0 
lzxVlG=  0 

Volume  V2 

lxxV2G=  1(G2,  V2,  G,  A ,  lxxV2A  1) 
^1.723^ 

G=  0.042 

I  0  , 

^1.423^ 

G1  =  0 

V  0  , 

lxxV2A=  1.814 
lxxV2G=  1.779 

lyyV2G  1(G2,  V2,  G,  A ,  lyyV2A ,  2) 
VI  =  8.939 
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IyyV2A  =  0.655 
IyyV2G  =  4.406 


G2  = 


A  = 


f 3.206^ 

0.25 

V  0  y 
( 2.845^ 

0 


V  0  y 

IzzV2G:=  I(G2,  V2,  G,  A ,  IzzV2A  3) 
IzzV2A=  0.655 
IzzV2G=  4.371 

IxyV2G:=  I(G2,  V2,  G,  A ,  IxyV2A,  4) 
IxyV2A  =  0.262 
IxyV2G=  0.657 

IyzV2G  I(G2,  V2,  G,  A ,  IyzV2A,  5) 
IyzV2A  =  0 
IyzV2G=  0 

IzxV2G=  I(G2,  V2,  G,  A ,  IzxV2A  6) 
IzxV2A=  0 
IzxV2G=  0 


Final  IG  Matrix  (Non-Principal) 


IxxG:=  IxxVlGf  IxxV2( 
lyyG  :=  IyyVlG+  IyyV2G 
IzzG:=  IzzVlG+  IzzV2( 
IxyG  :=  IxyVlG+  IxyV2( 
lyzG  :=  IyzVlG+  IyzV2C 
IzxG:=  IzxVlGf  IzxV2( 
^IxxG  IxyG  0  ^ 

IG:=  IxyG  lyyG  0 


IG  = 


y  0  0 

1^6.264  0.77 
0.77  13.48 

V  0  0 


IzzGy' 
0  ^ 

0 

9.665^ 
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Define  Integration  point  for  Various  Surfaces  for  Load  Calculation: 

1.  Flat  Surface  (base):  Labelled  S3 

2.  Slant  Plane  Surface:  labelled  S4 

3.  Curved  Surface:  Uncut:  Labelled  SI 

4.  Curved  Surface:  Cut:  Labelled  S2 

Body-fixed  Axes  System  for  Coordinate  Descriptions 

Center  at  the  center  of  the  flat  base:  Origin  at  G  for  Body-fixed  F-frame  used  in  the  analysis 
x-axis  along  the  uncut  cylinder  axis 

y-axis  is  on  the  plane  through  the  high  and  low  end  of  the  cut  surface 
z-axis  forms  the  right  handed  orthogonal  system 


Check  MCAD  Runge-Kutta  Method:  Using  External  Functions  for  Derivatives 

p  :=  -0.2 

\2  /  \2 


rowl(xv)  := 

X  := 

D(t,x)  := 

row2(xv)  := 


fac 


(”i)  +H' 


s  <—  p-xv^  -  xv^  -  fac-xv^ 


I 

T 

> 

I 

I 

+ 

(N _ 

I _ I 

+  Xj  - 

+ 

(N 

I _ I 

fac  <r- 


(xvi)-  +  (xvj= 


s  <—  p-xv^  +  xv^  -  fac-xv^ 


Z  :=  rkfixed(x,  0,20, 100,  D) 
n  :=  0,1..  IOC 


Using  Vector  Method 
Zn  :=  rkfixed(x,  0,20, 100,  D) 
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n  0,1..  IOC 


Comparison  Between  Conventional  and  Vector  Method 


Check  the  possibility  of  solving  a  18-row  vector  using  MCAD  Runge-Kutta  Coding 

Physical  Description  of  x-elements: 

xl-x3:  Center  of  Mass  G  in  N-frame 

x4-x6:  Velocity  of  G  in  N-frame 

x7-x9:  Components  of  Angular  Velocity  in  F-frame 

xl0-xl2:  Components  of  unit  Vector  along  Gx  in  N-frame 

xl3-xl5:  Components  of  unit  Vector  along  Gy  in  N-frame 

xl6-xl8:  Components  of  unit  Vector  along  Gz  in  N-frame 

N-frame:  OXYZ  Fixed  Newtonian  Frame 

F-frame:  Gxyz  Rotating  Frame  attached  to  the  projectile 

Note: 

There  are  two  integrands  for  each  of  S1-S4  surfaces:  These  integrands  are  vectors.  First  integrand  is  a  force 
per  unit  area  while  second  is  the  moment  of  this  force  about  G.  Components  of  these  vectors  are  taken  along 
the  Newtonian  axes  for  the  motion  of  G  while  they  are  taken  along  the  F-frame  axes  for  motion  about  G. 

Initial  conditions  on  x 

x0:=  (10001000000000000  0) 
xO  ;=  xO^ 

Location  Dependent  Retardation 
Coefficients  in  Newtonian  Frame 

a(pn )  :=  pn  j  +  pn  2  +  pn  2 

P(pn)  :=  2-a(pn) 

Y(pn)  :=  3-a(pn) 

Motion  of  the  Center  of  Mass  G:  Vector-Integrand  over  SI  surface  in  Newtonian  Frame 
Force  Integrand  for  the  Sl-Surface 
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FIGSl(xv,x,(|)) 

Force  Integral  Over  SI  Surface:  F -Frame 
In  F-Frame 


FSly(xv)  :=  a- 


■Lp2(}i) 


2-71 


FTGSl^  xv,x,(|))'sin((|))  d(|) 


d? 


rLp2(^) 


FSlz(xv)  :=  a* 


'2-71 

FIGS12(  XV,X,  (|))'COS 
V  0  y 


d? 


In  N-Frame 

FSlX(xv)  :=  xv^^'FSly(xv)  +  xv^^'FSlz(xv) 
FSlY(xv)  :=  xv^^'FSly(xv)  +  xv^^'FSlz(xv) 
FSlZ(xv)  :=  XV. ^-FSlyCxv)  +  xv.o'FSlz(xv) 

i  J  lo 


Force  Integral  Over  S2  Surface:  F-Frame 
Define 


(|)(x)  :=  asin 


i'tan(x.) 


Components 
In  F-Frame 


FS2y(xv)  :=  a- 


FS2z(xv)  :=  a- 


rL 


Lp2(X) 

•L 


7r-(|)(x) 


FTGSl^  xv,x,(|))'sin((|))  d(|) 


V  ^l>(x) 


d? 


Lp2(X) 


^  '’7r-(|)(x)  ^ 

FlGSli  XV,X,(|))-COS  (4.)d4. 
V  >l>(x)  y 


d? 
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In  N-Frame 

FS2X(xv)  :=  xVj2'FS2y(xv)  +  xVjg-FS2z(xv) 

FS2Y(xv)  :=  xVj^-FS2y(xv)  +  xVj^-FS2z(xv) 

FS2Z(xv)  :=  xv,,-FS2y(xv)  +  xv,„-FS2z(xv) 

i  J  lo 

Define 

Lp 

Lp3  Lp2  +  Y 

Force  Integrand  Over  S4  Angled  Flat  Surface:  F -Frame 

Range  of  Integration  for  S4  Surface 
0<=r<=l,  O<=0<=271 
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Force  Integral  Over  S4  Surface:  F -Frame 

In  F-Frame 


FS4}(xv)  :=  a'Cos(x.)' 


2-71 


nGS4(xv,r,e)de 
V'O  y 


dr 


FS4y(xv)  :=  -a-sin(x)- 


2-n 


FIGS4(xv,r,0)de 


dr 


In  N-Frame 

FS4X(xv)  :=  xVjq-FS4j(xv)  +  xVj2-FS4y(xv) 

FS4Y(xv)  :=  xVj^-FS4j(xv)  +  xVj^-FS4y(xv) 

FS4Z(xv)  :=  xVj2'FS4j(xv)  +  xVj^-FS4y(xv) 

Range  of  Integration  for  S3  Surface 
0<=r<=l,  O<=0<=27c 

Force  Integrand  Over  S3  Uncut  Flat  Surface:  F-Frame 
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Force  Integral  Over  S3  Surface:  F -Frame 

In  F-Frame 


FS3^xv)  :=  a'Cos(A.)' 


r\ 

f 

n 

\ 

'2-n 

FIGS3(xv,r,0)d0 
0  y 


dr 


FS3y(xv)  :=  -a'Sin(A.)' 


1 

f 

J 

\ 

'2-n 


FIGS3(xv,r,e)d0 


dr 


In  N-Frame 

FS3X(xv)  :=  xv^q-FS3Xxv)  +  xv^^'FS3y(xv) 
FS3Y(xv)  :=  xv^^'FS3?(xv)  +  xv^^'FS3y(xv) 
FS3Z(xv)  :=  xv^2’FS3Xxv)  +  xv^^'FS3y(xv) 
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Evaluating  Moment  Integrals 


IGI  IG 


covec 


^ 0.994^ 
-0.4 
V  0  y 


eigen vecs  (IGr)  = 


f  0.994  0.105  0^ 
-0.105  0.994  0 


V  0  0  ly 

testl  :=  (iG covec)  x  covec 

f  0  ^ 


testl  = 


0 


V2.231y 
^  0  ^ 


IGI  testl  = 


0 

V0.231y 


IGI [(iG covec)  X  covec]  = 


^  0  ^ 
0 

V0.231y 
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APPENDIX  E 


STATIC  ANALYSIS  PREREQUISITE  TO  3- 
D  AXISYMMETRIC  MODEL  OF  WAVE 
PROPAGATION  IN  CYLINDRICAL 
TISSUE  PERFORATED  BY  CONCENTRIC 
CYLINDRICAL  PROJECTILE 
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In  what  follows,  all  dependent  variables  pertaining  to  the  static  solution  will  be  subscripted  by 
^ .  The  static  axisymmetric  equations  in  terms  of  displacements  are 


^(A  +  2^)Vj^ +  =0 

(A  +  (5^  + 1/ +  (A  +  jwy  =  0 

Vl=d^^+\l  rd^-n^  !  ,  n  =  0,l 

Equations  (Al)  decouple  to 

fj.{X  +  lfj.){vl  +  d^  u^=0 
A/(A  +  2^)(Vo+a^)  =0 


(Al) 


(A2) 


For  the  radial  traction  problem  satisfying  cr^  =0  at  z  =  (0,/) ,  separation  of  variables  is  as  follows. 
Summing  over  all  yields 

M 

u,{r,z)  =  ^M„,(r)sin(^^z)  (A3a) 

m-\ 

M 

wAr^z)  =  Y,w„s(r)cos{k^z)  ,  k^^=mnll  (A3b) 

m=l 


Substituting  (A3)  in  (A2)  produces  uncoupled  equations  in  r  for  each  k^ 


(A4) 


In  what  follows,  subscript  m  will  be  dropped  for  shortness.  Equations  (A4)  admit  the  solutions 


u,{r)  =  Q  I^ikj)  +  C2  K^ikj) 

+  C^{k^r  I^{k/)  -  I,{k^r))  -  C,{k/  K^{kj)+  K,{k/)) 
w,{r)  =  Q  I^ik^r)  -  C2  K^{kj) 

+  C^{ajQ{k/)  +  A/  /i(A/))  +  C^{-a^Kf^{k/)  +  A/  K^{kj)) 
otj  =  (A  +  3/r)/(A  +  /j)  ,  a2=  + tJ.) 


(A5a) 

(A5b) 
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Substituting  (A5a,b)  in  the  constitutive  relations  yields 

(r)  =  2^  (Q  (/q (fc/)  - /j  (fc/) /(fc^r)) -  Cj  (/^o (^/)  +  (^/) /(^/))) 

+  2^  kf,  [-aj, {kj)  +  (l  +  {k^rf ) I,{kj) Hkj))  (Aba) 

+  2^  kf,  (  a,K, {k^r)  +  (l  +  {k^rf  )  K,  (k^ r)  /(k^r)) 

=  2m  K  {CMKrXiK^)  +  C,K,{kj)l{kj)) 

+  2  m  kf,  (  {\-a,)I,  iik^r)  - 1,  {k^r)  l{kj))  (Abb) 

+  2  m  k^C^  {-{l-a^)K^{kj)  -  {kj)l{k^r)) 

{-C,hi.Kr)  +  C^K^ikj)) 

+  2/r  A:^C3  (  -  (ttj  +  a2 )  4 (^z^)  ~  (^z^))  (Abe) 

+  2Mk^C^[  {a^+a^)K^^{kJ)  -  kjK^{kj)) 

frz.ir)  =  2Mk^{CMKr)  +  C,K,{kj)) 

+  2Mk^C^{^  k^r  l^ikj)  +  (\-a2)Ii{kj)^  (Abd) 

+  2Mk^C^{-k^rK^{kj)  +  {\-a^)K^{k^r)) 

Tractions  at  the  inner  and  outer  surfaces  of  the  tube  are  expressed  as 

^rrs  (fp  ,z)  =  Pr{H{Z-Zj-H{z-Z,)) 

T^^(r^,z)  =0 
^rJro^z)  =  T^(r^,z)  =0 

is  a  uniform  radial  traction  prescribed  at  r  =  r^  in  the  interval  Za^Z<Z,  .  Substituting  (Aba)  and 
(Abd)  in  (A7a)  and  (A7b)  and  enforcing  orthogonality  of  sin(A:^z)  and  cos(^^z)  produces  M  (4x4) 
uncoupled  matrix  equations  in  the  coefficients  ^  =  1, 4 


(A7a) 

(A7b) 


M  C  =f 

^cm^m  *'r 


(A8) 


Coefficients  of  are  the  radial  functions  multiplying  in  (Aba)  and  (Abd)  evaluated  at  r  =  r^ 
and  r  =  r,  and  f  is  a  vector  defined  by 

o  ^  m  J 


fim  =  -^Pr  (cos(^^„  z,)-cos(^^  zj)l{kj) 


(A9) 
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For  the  axial  traction  problem  satisfying  vanishing  shear  stress  =  0  at  z  =  (0,/) ,  the  expansion  in 
(A3)  becomes 

M 

W.  (^  ^)  =  (^)  COS(^,„Z) 

(Aio) 

i.r,  z)  =  X  (f)  sin(^,„z)  ,  k^=m7r/l 

m=l 

The  boundary  conditions  are 

(^rrs(rp,Z)=0 

^rz.(rp^z)=Pz  {H{z-Z,)-H{z-Z,)) 

is  a  uniform  axial  traction  applied  at  r  =  in  the  interval  z„  <  z  <  z,  .  Expressions  for 
displacements  and  stresses  resemble  those  of  the  radial  problem  and  are  omitted  here  for  shortness. 

In  all  results  to  follow,  geometric  and  material  properties  of  the  cylinder  are  listed  in  Table  A-1.  Figure 
1  (al)  plots  the  static  deformed  generator  from  a  unit  radial  displacement  prescribed  at  the  footprint 

^so(^^p^z)  =  H{z-zJ-H{z-Zi,)  (A8a) 

In  (A8)  z^=1.5”  and  z^=2.5”.  The  resulting  normalized  cr^^^(r^,z)  distribution  plotted  in  Figure  1  (hi) 
shows  a  rise  near  z^  and  of  1.5  times  its  magnitude  at  the  plateau.  Fig.  I(a2,b2)  plot  static 
deformed  generator  and  normalized  (7^„(rp,z)  distribution  for  a  unit  axial  displacement  prescribed  at 
the  footprint 


(A7a) 

(A7b) 


^so  (rp,z)  =  H(z-zJ-H(z-Zi,) 


(A8b) 


In  this  case,  rises  near  z„  and  Z/,  to  1 .7  times  its  magnitude  at  the  plateau. 
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Table  A-1 .  Cylinder  properties 


E  (Iblin^) 

4.5  xlO" 

p  (lb  / in‘^ ) 

8.7  X 10' 

u 

0.48 

1  (in) 

4 

rp  (in) 

0.25 

f  (in) 

3 

(in/s) 

6.74  xlO" 

Cj  (in/s) 

1.322  xlO" 

(al)  (ci2) 


Figure  1.  Static  deformation  and  foot-print  traction  at  r=rp  ,  z^<  z  < 
(al),(bl)  prescribed  u(rp,z)  ,  (a2),(b2) prescribed  w(rp,z) 
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APPENDIX  F 

Modal  Analysis 
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The  dynamic  solution  u^(r,z,t)  satisfies  the  homogeneous  boundary  conditions 


(Bl) 


cr^,(r^,z,0  =  0  ,  r^^(r^,z,0  =0 

cr^,(r„,z,0  =0  ,  T^{r^,z,t)  =0 

Substituting  (16a)  and  (16d)  in  (Bl)  yields  the  matrix  equation 

M^C  =  0 

is  a  4  X  4  square  matrix,  C  =  { Cp  C2 ,  C3 ,  C4  is  the  vector  of  unknown  coefficients  and 


(B2) 


M^2i  =-2MAAA6,) 


(B3) 


^eU’  ^.14’  ^.22’  ^.24  ^avc  thc  samc  form  as  M^23  with  replaced  by  F„ . 

Similarly,  k  =  1,4  have  the  same  form  as  M^2k  k  =  \A,  with  replaced  by  . 

From  the  definitions  of  k^  and  k^  in  (12),  k^  is  imaginary  when  co  <  kf^,  =  ^(A  +  2^)/ p  ,  and 
k^  is  imaginary  when  axk^c^,  =  -^/i/ p  .  Below  these  cut-off  frequencies,  and  are  replaced 
by  /„  and  with  appropriate  changes  in  sign.  For  each  m  in  ,  a  non-trivial  solution  to  (B2)  yields 
the  implicit  eigenvalue  problem 


det  I  M„„  1=0 


(B4) 


;®mj(^,^)}  is  the  Eigen-dyad  corresponding  to  the  m'^  axial  wave-number. 
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APPENDIX  G 

Plane-Strain  Problem 
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The  radial  plane-strain  problem  is  that  of  an  infinite  hollow  cylinder  where  =W  =  d^  =  0  .  The  dynamic 
equation  in  u  then  reduces  to 

=  ,  r^<r<r^ 

\/l^d„  +  \lr  d^-\lr\  cl=EJp  (Cl) 

E^=E{\-v)l{(\  +  v)(\-2v)) 

The  boundary  conditions  are 

u(r^,t)  =  fp(t)  ,  cr^,(r^,0  =  0  (C2) 


fp  (f)  is  the  time  dependent  displacement  profile  prescribed  at  f  =  r^.  The  constitutive  law  takes  the  form 

cr..  =A£y+2ju £■!  ,  ii  -^rr ,60,  zz 

(C3a) 

~  ^rr  ^06  ’  ^zz 

(Jrr  =  [d,.u  +  v l{\-v)  u! r) 

<jgg  =  E^i^u! r +  v l{\-v)  d,.u^  (C3b) 

CT^=  E^[u/r  +  d,.u  )v/(l-v) 

Express  u(r,t)  as  a  superposition  of  a  static  and  a  dynamic  solution 


u(r,t)  =  u^(r)  fp(t)  +  Uj(r,t) 

(r)  is  the  static  solution  satisfying  the  inhomogeneous  boundary  conditions 


(C4) 


t^s(rp)  =  l,  o-,„(rj  =  0 


(C5) 


{r,t)  is  the  dynamic  solution  satisfying  the  homogeneous  form  of  boundary  conditions  (C2).  Expand  (r,  0  in 
the  Eigen  functions  (Pj(r)  of  (Cl) 


j 

(Pj(r)  =  (k,.j  r)  +  Cj  r; (k,.j  r)  , 


C2=-JviKjrp)l\(.Kjrp) 


(C6) 


Substituting  (C6)  in  the  homogeneous  form  of  (C2)  yields  the  dispersion  relation 
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®11  ®22  “0:12^^21  =0 

(C7) 

a^,={X  +  2ix)k^.J[{k^.rJ  +  XJ,{k^.r^)lr^ 

«22  ={X  +  2^)  k^j  .  rj  +XY^  {k^.  rj/r^ 

(  stands  for  derivative  with  respect  to  the  argument.  (C7)  determines  the  wave  numbers  k^j  .  The  static  solution 
to  =  0  is 


u^(r)  =  Ar-\-B/r 

A  =  rp(rp+(X  +  /^)r^//u)  \  B  =  r^{l-Ar^) 


(C8) 


The  constitutive  law  is  given  by  (C3b).  Substituting  (C6)  and  (C8)  in  (C4)  and  enforcing  orthogonality  of  (Pj  (r) 
yields 


d,{t)^o>]a,{l)  =  -(N,,IN,,)l(t) 

r  r 

^jj  =  I ^  ^aj=  I (Pj (f)  ^ dr  ,  cOj  =  k^j 


(C9) 


(')  stands  for  time  derivative.  The  integrals  in  N-.  and  N^.  are  evaluated  analytically  in  terms  of  /  and  F  for 

J  J  J  n  n 

n  =  0, 1, 2 . 


For  the  radial  plane-stress  problem,  (7^  =  w  =  =0  yielding  the  equation 

V\u  =  \lcld„u  ,  Vf  =a^^  +  l/ra,-l/r" 
cl=El[p{\-v^)),  r^<r<r^ 


(CIO) 


(CIO)  has  the  same  form  as  (Cl)  but  with  a  lower  speed  of  propagation  since  =  (1  -  2v)^'^  /  (1  -  v)  is  small 

when  V  is  close  to  1/2.  The  constitutive  law  simplifies  to 


G^^=E^{d^u  +  vulr^  ,  (7gg  =  E^[u/ r  +  v  d^u) 
(7=0,  E=E/il-v^) 


(Cll) 


If  prescribed  displacement  at  r  =  is  the  same  for  both  plane  stress  and  plane  strain,  then  strains  are  approximately 
the  same.  It  follows  that  stresses  in  (Cl  1)  are  smaller  than  those  in  (C3b)  by  a  factor  of  )  .In  the  present 
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application,  if  material  of  the  cylinder  fails  radially  within  the  footprint  Zj,,  then  the  approximate  state  of 

plane-strain  changes  to  that  of  plane-stress  reducing  transmitted  pressure  substantially. 
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APPENDIX  H 

Effects  of  Target  Properties  on  Fragment 
Penetration  -  Sensitivity  Study 
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SUMMARY 

The  penetration  response  of  a  Gelatin  target  which  is  being  used  as  a  first  order  simulant  of  human  heart  tissue  was 
studied.  The  target  was  subjected  to  a  normal  impact  at  300  ft./sec.  by  a  steel  fragment  in  the  form  of  a  disk  with  a 
4: 1  diameter  to  length  ratio.  The  response  was  modeled  using  the  Autodyn  2D  hydrocode.  The  failure  strength,  shear 
modulus  and  erosion  properties  of  the  target  were  varied.  Of  interest  was  the  penetration  depth  versus  time  profiles. 
Also,  the  left  ventricle  of  the  heart  was  the  focus  of  interest.  To  first  order,  this  region  was  assumed  to  be  less  than  2 
inches  deep  with  the  front  and  rear  walls  less  than  0.5  inches  thick.  The  inner  portion  is  assumed  to  be  filled  with 
blood. 

The  calculated  penetration  depths  using  the  baseline  Gelatin  model  was  slightly  less  that  1  inch.  Varying  the  target 
properties  led  to  penetration  depths  between  0.1  and  greater  than  1.2  inches  thus  potentially  putting  the  fragment 
somewhere  between  the  inner  wall  and  fluid  core.  The  baseline  strength  was  assumed  to  be  25  bars.  Increasing  this 
level  by  a  factor  of  10  had  the  biggest  effect  resulting  in  more  than  a  factor  of  10  reduction  in  penetration  depth. 

The  baseline  shear  modulus  was  assumed  to  be  125  bars.  Reducing  this  level  by  a  factor  of  10  resulted  in  an  increase 
in  the  penetration  depth  of  about  30%. 

The  baseline  erosion  strain  was  assumed  to  be  200%.  This  is  the  level  of  strain  at  which  the  material  is  assumed  to 
completely  fail  and  the  cells  removed  from  the  grid.  Doubling  this  level  resulted  in  a  reduction  in  penetration  depth 
of  about  20%. 

Based  upon  these  analysis,  it  is  estimated  that  a  factor  of  5-10  in  shear  modulus  and/or  failure  strength  will  have  a 
significant  effect  on  penetration  depth. 

BACKGROUND 

We  are  interested  in  the  problem  of  a  small  caliber  fragment  penetrating  a  human  chest  cavity,  impacting  and 
partially  penetrating  the  heart.  The  resulting  physical  damage  is  manifest  in  3  ways: 

(1)  The  projectile  generates  a  wound  cavity  resulting  from  the  tearing  of  the  material  during  penetration. 
This  cavity  can  partially  close  back  on  itself  but  often  leaves  a  residual  hole. 

(2)  The  walls  of  the  cavity  can  be  damaged  due  to  both  the  penetration  process  and  the  wall  stresses 
created  during  the  penetration 

(3)  Tissue  remote  from  the  wound  cavity  can  be  damaged  due  to  the  propagation  of  stress  waves  generated 
by  the  penetration. 

It  has  been  shown  by  experiment  and  analysis  that  the  damage  and  damage  trajectory  depends  to  first  order  on  the 
fragment  properties  including:  projectile  velocity,  shape,  orientation  upon  impact,  and  material.  The  damage  also 
strongly  depends  upon  the  tissue  material  properties  and  spatial  dependence  of  these  properties. 

The  heart  is  composed  of  a  number  of  regions  each  having  its  own  geometry  and  material  properties.  These  materials 
are  in  general  characterized  as  nonlinear  anisotropic  with  a  range  of  failure  strengths.  It  is  not  practical  or  probably 
required  to  include  the  detailed  variation  of  these  properties  in  predicting  the  critical  damage.  In  order  to  understand 
how  much  uncertainty  can  be  allowed,  a  series  of  sensitivity  based  experiments  and  numerical  predictions  are 
ongoing. 


-142- 


ATK  Mission  Research 


W81XWH-04-C-0084 


ANALYSIS 

A  series  of  2D  axisymmetric  hydrocode  runs  were  made  using  the  Autodyn  code.  In  the  runs,  a  steel  fragment  disc,  7 
mm  X  1.8  mm,  impacts  a  3.4  inch  thick  x  5  inch  high  elliptical  Gelatin  heart  simulant  at  300  ft./sec. 

A  baseline  case  is  run  using  the  nominal  Gelatin  material  model.  Excursions  on  the  Gelatin  shear  modulus,  strength 
and  erosion  strain  were  made  with  the  velocity  and  penetration  depth  versus  time  calculated. 

RESULTS 

A  snapshot  of  the  fragment  penetrating  the  target  is  shown  in  Figure  D-1.  Notice  that  the  ‘wound’  cavity  has  a 
conical  like  shape  expanding  behind  the  penetrating  fragment. 


The  penetration  versus  time  is  shown  in  Figure  D-2.  The  baseline  response  is  shown  as  the  blue  curve.  Increasing  the 
failure  strength  by  a  factor  of  10  results  in  the  lower  red  curve.  Reducing  the  shear  modulus  by  a  factor  of  10  results 
in  the  upper  maroon  curve.  Reductions  in  the  failure  strength  and  erosion  strain  result  in  the  intermediate  curves.  It  is 
seen  that  a  factor  of  10  uncertainty  in  failure  strength  or  shear  modulus  can  have  a  significant  effect  on  penetration 
depth. 
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Penetration  Depth  vs.  Time 


2X7  mm  Steel  Disc  @  300  ft. /sec. 
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APPENDIX  I 


Comparison  of  Long  Rod  versus  Wedge 
Fragment  Penetration  into  Gelatin 
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BACKGROUND 

Penetration  tests  are  being  performed  in  support  of  the  Virtual  Human  program  using  various  ‘Nail’  like  projectiles 
to  investigate  certain  physical  and  biological  functions.  These  projectiles  are  driven  into  and  then  stopped  at 
prescribed  depths  in  the  targets  and  thus  undergo  forced  acceleration  and  then  deceleration.  The  effects  of  this 
acceleration  vs.  time  history  on  target  response  as  compared  to  what  would  happen  with  a  projectile  which  impacts 
with  a  known  velocity,  i.e.  launched  remains  to  be  explored  and  is  not  addressed  in  this  Appendix.  Similarly,  the 
details  of  the  target  failure  which  depend  upon  the  failure  model  and  the  extend  to  which  Gelatin  and  biological 
materials  differ  also  remains  to  be  explored  and  is  not  addressed  in  this  Appendix. 

The  purpose  of  this  study  is  to  explore  the  similarities  and  differences  one  would  expect  from  projectiles  with 
geometries  of  interest  given  similar  impact  conditions  and  target  parameters.  To  that  end,  we  assumed  that  the 
projectiles  were  given  initial  velocities  and  then  modeled  the  penetration  into  thick  gelatin  targets. 

APPROACH 

A  series  of  2D  hydrocode  runs  were  made  using  various  Long  Rod  and  wedge  fragments  penetrating  a  gelatin  target. 
Of  interest  were  the  (1)  deformation  patterns,  (2)  velocity  deceleration  profiles,  and  (3)  distribution  of  energy  as  a 
function  of  time. 

As  a  baseline,  we  explored  the  effect  of  a  steel  wedge  fragment.  Recall  that  we  had  explored  this  effect  earlier 
wherein  we  assumed  impact  velocities  on  the  order  of  1000  ft/sec.  The  early  time  predicted  motion  correlated  well 
with  that  observed  in  the  GBL  experiments.  However  the  penetration  depths  in  gelatin  were  greater  that  actual  heart 
thicknesses  so  we  decided  to  re-do  the  analysis  using  impact  velocities  which  would  result  in  the  projectile  remaining 
in  the  assumed  approximately  4”  thick  simulated  heart. 

We  then  turned  the  wedge  around  and  contrasted  the  response  with  the  tip-forward  impact.  This  was  done  to 
illustrate  the  differences  in  response  depending  on  the  orientation  of  the  fragment  on  impact.  The  difference  in 
response  was  not  due  to  differences  in  kinetic  energy  (which  was  the  same  for  both  cases). 

Finally,  we  selected  a  ‘long  rod’  penetrator  with  what  we  believed  to  be  a  representative  ‘Nail’  projectile  geometry 
which  we  assumed  to  be  a  4”  long  by  10  mm  diameter  circular  rod  with  a  hemispherical  cap  impacting  normal  to  the 
target.  We  explored  several  impact  velocities  until  we  came  up  with  one  which  would  cause  the  ‘Nail’  to  (1) 
penetrate  but  stop  in  the  gelatin  and  (2)  penetrate  and  continue  out  the  back. 

SUMMARY 

The  wound  track,  energy  transfer  and  resulting  damage  in  gelatin  are  a  strong  function  of  the  fragment  geometry  and 
fragment  striking  angle  and  velocity.  Projectiles  with  irregular  geometries  will  tumble  while  projectiles  with  large 
aspect  ratios  will  penetrate  with  little  relative  retardation.  The  retardation  and  energy  transfer  characteristics  of 
‘Wedge’  and  ‘Nail’  like  projectiles  can  be  very  different  as  demonstrated  in  this  analysis. 
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RESULTS 

(1)  Steel  Wedge  ‘Forward’  Impacts:  Impact  Velocities  Less  66  m/sec. 

The  deceleration  velocity  vs.  time  profile  is  shown  in  Figure  E-1.  In  the  case  of  the  higher  velocity  impact  ('-220 
ft/sec)  the  penetration  process  is  violent  with  the  projectile  causing  massive  damage  ahead  of  its  path.  The  target 
material  just  fails  and  subsequently  provides  little  penetration  resistance  thus  the  projectile  velocity  reaches  a 
constant  state.  In  the  case  of  the  lower  velocity  impact  ('-110  ft/sec)  The  projectile  tumbles  and  moves  off  the  path  of 
its  original  velocity  vector  and  then  is  stopped  by  the  target  and  remains  imbedded. 


Velocity  vs.  Time:  Wedge 


FIGURE  E-1.  Deceleration  Velocity  vs.  Time  for  Wedge  ‘Forward’  Impacts 


The  deformation/pressure  fields  at  1.2  msec,  after  impact  are  shown  in  Figure  E-2. 
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AUTODYN-2D  v5.0  from  Century  Dynamics 


peph1v33  ^ 
Cycle  50000 
Time  1 .209E4000  ms 
Units  mm,  mg,  ms 
Planar  symmetry 


PRESSURE  (kPa) 
5.000e-K]3 


FIGURE  E-2,  Deformation/Pressure  Snapshot  for  ‘Forward’  Wedge  @110  ft/sec, 

(2)  Steel  Wedge  ‘Backward’:  Impacts  Velocities  Less  Than  66  m/sec. 

In  this  case,  the  fragment  impacted  with  cylindrical  end  first.  A  comparison  of  the  deceleration  velocity  for  the 
‘forward’  and  ‘backward’  impact  orientations  is  shown  in  Figure  E-3.  Notice  the  very  different  behavior.  The 
‘forward’  first  projectile  tumbles  at  early  time  presenting  a  much  larger  projected  area  and  is  stopped  by  the  target. 
The  ‘backward’  first  projectile  acts  like  a  rod  for  a  long  time  and  then  and  undergoes  only  slight  rotations  and  thus 
decelerates  at  a  much  slower  rate. 


Velocity  vs.  Time:  Wedge 


Figure  E-3.  Deceleration  Velocity  vs.  Time  ‘Forward’, ’Backward’  Wedge  @110  ft/sec. 

A  snapshot  of  the  deformation/pressure  field  is  shown  in  Figure  E-4. 
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AUTODYN-2D  v5.0  from  Century  Dynamics 


PRESSURE  (kPa) 


peph1r33  ^ ^ 
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Time  1.215E-K]00  ms 
Units  mm,  mg,  ms 
Planar  symmetry 
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FIGURE  E-4.  Deformation/Pressure  Snapshot  for  ‘Backward’  Wedqe@1 1 0  ft/sec. 

(3)  steel  ‘Long  Nail’:  Impacts  at  Velocities  Less  Than  33  m/sec. 


A  series  of  runs  were  made  using  a  4”  long  ‘Nail’  projectile.  It  was  speculated  that  this  type  of  projectile  because  of 
its  large  aspect  ratio  and  additional  momentum/kinetic  energy  would  be  fairly  penetrating  and  that  was  born  out  in 
the  analysis.  Typical  velocity  deceleration  vs.  time  profiles  are  shown  in  Figure  E-5.  The  projectile  basically 
penetrates  the  target  undisturbed  at  1 10  ft/sec.  in  contrast  to  the  wedge  which  stopped  in  the  middle  of  the  target.  The 
impact  velocity  would  have  to  be  reduce  to  less  than  approximately  50  ft. /sec.  to  prevent  penetration. 
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FIGURE  E-5.  Deceleration  Velocity  vs.  Time  ‘Long  Nail’ 
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A  snapshot  of  the  deformation  pattern/pressure  state  is  shown  in  Figure  E-6.  Notice  that  the  projectile  has  caused 
massive  ‘failure’  of  the  target  while  continuing  to  penetrate. 


AUT0DYN-2D  v5.0  from  Century  Dynamics 
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FIGURE  E-6.  Deformation/Pressure  Snapshot  for  ‘Long  Nair@1 10  ft/sec 

Steel  ‘Short  Nail’:  Impacts  at  Velocities  Less  Than  33  m/sec. 


A  series  of  runs  were  made  where  the  length  of  the  ‘Nail’  was  reduced  from  4”  to  about  1.5”.  This  still  left  an  aspect 
ration  of  4:1.  The  resulting  velocity  deceleration  vs.  time  results  are  shown  in  Figure  E-7.  It  is  seen  that  the  projectile 
actually  is  decelerating  more  quickly  than  the  ‘long’  nail  as  expected.  This  will  continue  as  the  aspect  ratio,  and 
impact  momentum  is  further  reduced. 
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Velocity  vs.  Time:  Short  Nail 


FIGURE  E-7.  Deceleration  velocity  vs.  Time  ‘Short  Nail’ 

The  ‘Short  Nail’  still  creates  substantial  target  damage  behind  the  projectile  at  an  impact  velocity  of  1  lOft./sec.  as 
shown  in  Figure  E-8. 
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(5)  Energy  Partitioning  in  Targets  as  a  Function  of  Impacting  Fragment  Parameters 

Upon  impact  and  during  subsequent  penetration  the  projectiles  transfer  energy  and  momentum  to  the  targets.  The 
energy  is  partitioned  into  Kinetic  and  Strain  energy.  The  fragment  and  target  properties  and  impact  velocity  will 
determine  the  energy  partitioning. 
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Results  for  those  components  of  the  kinetic  and  internal  portions  of  the  energy  in  the  target  are  shown  in  Figures  E-9 
through  E-1 1.  Shown  in  the  plots  is  total  energy  in  the  projectile  +  projectile  as  a  function  of  time  (minus  the  energy 
lost  to  failed  material  and  numerical  error),  the  total  energy  transmitted  to  the  target  (hi 30),  and  the  kinetic,  internal 
energy  components  transmitted  to  the  target. 

Results  for  the  ‘forwardV’backward’  wedge  impacts  at  110  ft./sec.  are  shown  in  Figures  E-9  and  E-10.  First,  it  is 
seen  that  substantial  energy  is  lost  to  material  failure  as  the  projectile  tumbles.  Second,  the  kinetic  energy  in  the 
target  is  an  important  portion  of  the  total  energy  in  the  target,  especially  for  the  ‘backward’  projectile.  Finally,  when 
the  energy  in  the  target  peaks,  it  is  about  1/3  of  the  total  of  the  projectile  target  energy  which  is  substantial. 

Energy  Partitioning:  Wedge 


FIGURE  E-9.  Energy  Partitioning  during  ‘Forward’  Wedge  impact 

Energy  Partitioning:  Wedge 
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In  the  case  of  the  ‘Nail’  impacts  the  results  are  different  as  shown  in  Figure  E-11.  The  solid  black  and  violet  lines 
represent  the  total  energy  in  the  problem  for  the  cases  of  1 10  and  220  ft/sec.  striking  velocities.  Note  that  these  levels 
do  not  vary  much  with  time  indicating  little  energy  loss  due  to  failure  and  (numerical  error).  The  cyan  line  represents 
the  total  energy  in  the  target  for  the  ‘Long  Nail’  case.  Notice  that  this  is  a  very  small  fraction  of  the  incident 
projectile  energy,  probably  less  than  5%.  The  darker  blue  line  is  the  total  energy  in  the  target  for  the  case  on  the 
‘Short  Nail’  which  increases  with  time  as  the  target  slows  the  projectile  down. 

If  we  were  to  continue  to  reduce  the  aspect  ratio  of  the  ‘Nail’  we  should  approach  the  result  for  the  ‘backward’ 
wedge. 
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ABSTRACT 

An  acoustic  model  is  developed  for  transient  wave  propagation  in  a  weak 
layer  excited  by  prescribed  pressure  or  prescribed  acceleration  at  the  boundary. 
The  validity  of  the  acoustic  model  is  investigated  for  the  two  excitations.  A 
comparison  of  transient  response  from  the  acoustic  model  and  a  3-D  axisymmetric 
elastic  model  reveals  that  for  prescribed  acceleration  the  acoustic  model  fails  to 
capture  important  features  of  the  elastic  model  even  as  Poisson  ratio  V 
approaches  1/2.  However  for  prescribed  pressure,  the  two  models  agree  since  shear 
stress  is  reduced.  For  prescribed  acceleration  adopting  the  modal  approach,  the 
mixed  boundary-value  problem  on  the  excited  boundary  is  converted  to  a  pure 
traction  problem  utilizing  the  influence  method.  To  validate  the  elaborate  modal 
approach  a  finite  difference  model  is  also  developed. 
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1 .  Introduction 

Laboratory  simulation  of  blunt  trauma  in  living  tissue  relies  on  measuring 
propagation  of  stress  waves  from  low  velocity  impact  in  a  weak  viscoelastic 
material  such  as  ordnance  gelatin.  It  has  acoustic  impedance  close  to  that  of 
water  yet  living  tissue  dissipates  energy  from  viscoelasticity  and  possesses  shear 
rigidity  controlling  transverse  propagation.  It  has  been  widely  assumed  that 
gelatin  is  similar  to  water  because  it  has  approximately  the  same  density  and  bulk 
speed  of  sound.  In  a  weak  solid  like  gelatin,  effects  of  the  free  surface  and 

lateral  propagation  of  a  forcing  pulse  are  controlled  by  shear  modulus  G  and  the 
speed  of  shear  waves  respectively.  These  types  of  propagation  are  independent  of  a 
loss  mechanism  like  viscoelasticity.  Loss  produces  an  attenuation  of  the  pulse 
over  and  above  that  from  dispersion.  It  reduces  the  participation  of  high 
frequency  modes  by  smoothing  average  response  and  its  gradients. 

In  a  fluid  like  water,  propagation  is  mostly  volumetric,  with  shear  related  to 
dissipation  that  is  proportional  to  velocity  gradient  and  kinematic  viscosity.  At 
the  free  surface  a  different  kind  of  wave  develops  controlled  by  gravity  and  depth 
of  the  fluid.  It  can  be  argued  that  although  water  and  gelatin  have  very  similar 
acoustic  impedances,  shear  rigidity  of  gelatin  may  control  how  a  stress  wave 
propagates  laterally  and  its  character  at  and  close  to  the  free  surface.  If 
gelatin  is  like  water  then  it  can  be  treated  as  an  acoustic  fluid  governed  by  the 
wave  equation.  In  this  work  the  wave  equation  is  derived  as  a  limiting  case  of  the 
linear  elasto-dynamic  equations  of  a  homogeneous  solid.  In  fact  when  Poisson  ratio 
assumes  the  value  of  1/2,  the  elastic  field  converts  to  the  acoustic  field.  One 
issue  addressed  in  this  work  is  the  sensitivity  of  the  solution  to  Poisson  ratio 
close  to  1/2 . 

To  measure  transmission  of  stress  waves  produced  by  low  velocity  impact  on 
gelatin,  a  layer  is  bonded  onto  a  metallic  substrate  instrumented  by  sensitive 
carbon  gauges.  Upon  impact,  stress  waves  propagate  across  the  layer  reaching  the 
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substrate  with  substantial  reduction  in  intensity  from  dispersion  and  viscous 
losses.  Measuring  impact  and  transmitted  pressures  are  needed  to  construct  the 
material's  constitutive  model.  Carefully  controlled  experiments  with  sufficient 
accuracy  reproducing  transient  histories  for  correlation  with  computed  results  are 
very  hard  to  execute.  The  problem  lies  in  the  weakness  of  the  material.  Gauges  can 
neither  be  placed  inside  the  material  while  gauges  at  the  interface  between 
material  and  metal  substrate  suffer  from  lack  of  cohesion  adding  uncertainty  to 
measured  data.  This  difficulty  forces  investigators  to  rely  on  sensitivity  studies 
from  analysis  and  general  purpose  discretization  programs  in  order  to  understand 
phenomena.  Moreover,  literature  in  this  field  addresses  quasi-static  measurements 
of  elongation  omitting  important  dynamic  effects  such  as  strain-rate  dependence  in 
the  microsecond  regime.  The  simulation  of  these  experiments  led  to  the  realization 
that  approximating  gelatin  as  a  viscous  fluid  is  valid  only  for  unrealistic  impact 
conditions  when  pressure  over  the  footprint  is  uniform. 

Acoustic  wave  propagation  governed  by  the  Helmholtz  equation  has  been  treated 
extensively  in  the  literature.  Solution  techniques  range  from  the  analytical  for 
simple  geometries  to  numerical  for  problems  with  complicated  geometry,  medium 
inhomogeneity  and  nonlinearity.  Theil  [1]  treats  the  1-D  viscoelast ically  damped 
wave  equation  analytically.  Yserentant  [2]  shows  how  a  consistent  discretization 
of  the  acoustic  equation  can  be  recovered  from  the  particle  model  of  compressible 
fluids  (see  Ref.  [3]) .  Sina  and  Khashayar  [4]  solve  the  3-D  wave  equation 
analytically  for  arbitrary  non-homogeneous  media  adopting  the  differential 
transfer  matrix.  Sujith  et .  A1 .  [5]  present  an  exact  solution  to  1-D  transient 

waves  in  curvilinear  coordinates  adopting  transformation  of  variables  suggested  by 
the  WKB  approximation.  Hamdi  et .  A1 .  [6]  present  exact  solitary  wave  solutions  of 

the  1-D  wave  propagation  in  nonlinear  media  with  dispersion.  Yang  [7]  solves 
numerically  the  wave  equation  with  attenuation  from  linear  friction  utilizing  grid 
modification  to  track  wave  fronts  accurately.  Narayan  [8]  solves  the  3-D  transient 
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acoustics  in  inhomogeneous  media  by  finite  difference  and  Schemann  and  Bornemann 
[9]  apply  the  adaptive  Rothe  integrator.  Bailly  and  Juve  [10]  present  a  numerical 
solution  to  the  2-D  acoustic  propagation  from  transient  sources  using  the 
dispersion-relation-preserving  scheme  in  space  and  a  fourth-order  Runge-Kutta  in 
time.  Wagner  et .  A1 .  [11]  and  Gaul  and  Wenzel  [12]  use  a  hybrid  boundary  element 

method  for  frequency  and  transient  acoustic  response  in  bounded  and  unbounded 
regions.  Mehdizadeh  and  Paraschivoiu  [13]  develop  a  spectral  element  method  to 
solve  the  3-D  Helmholtz  equation  retaining  accuracy  for  large  wave  numbers.  None 
of  the  references  above  addresses  3-D  transient  propagation  from  impact 
analytically . 

Acoustic  wave  propagation  in  a  free  disk  is  developed  here  adopting  a  modal 
analysis  validated  by  a  finite  difference  method.  Transient  response  to  prescribed 
pressure  and  prescribed  acceleration  at  the  boundary  is  analyzed.  Since  the 
primary  goal  of  this  work  is  to  investigate  the  validity  of  the  established  belief 
that  tissue  can  be  treated  as  a  fluid,  the  acoustic  equation  is  derived  from  the 
elastic  equations  of  a  solid  in  the  limit  when  Poisson  ratio  and  shear  stresses 
vanish  (Appendix  A) . 

Section  2  develops  the  acoustic  model  utilizing  the  modal  approach  for  both 
prescribed  pressure  and  prescribed  acceleration.  In  the  modal  approach, 
the  forcing  function  at  the  boundary  is  treated  adopting  the  static- 
dynamic  superposition  method  (see  Berry  and  Naghdi  [14])  .  The  solution  is 
expressed  as  a  superposition  of  a  static  term  satisfying  the 
inhomogeneous  boundary  conditions,  and  a  dynamic  solution  in  terms  of  the 
eigenfunctions  satisfying  homogeneous  boundary  conditions. 

Since  the  projectile's  strength  and  acoustic  impedance  are  much  greater  than 
those  of  tissue,  the  excitation  transmitted  over  the  boundary  at  the 
projectile-tissue  interface  can  be  approximated  as  a  given  time  dependent 
prescribed  motion  in  contrast  to  an  unknown  pressure  excitation.  However, 
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this  type  of  excitation  would  lead  to  a  mixed  boundary  condition;  i . e . 
pressure  gradient  prescribed  over  part  of  the  boundary  and  zero  pressure 
prescribed  over  the  remaining  part.  This  difficulty  can  be  overcome  by 
the  influence  method  which  superimposes  response  from  a  set  of  unit 
pressures  with  time-dependent  weights  prescribed  on  annular  portions  of 
the  footprint.  These  weights  are  updated  at  each  time  step  from  the 
condition  that  combined  acceleration  at  the  center  of  each  ring  over  the 
footprint  equals  the  prescribed  instantaneous  acceleration.  In  this  way, 
the  forcing  function  is  converted  to  pure  traction  with  time-varying 
spatial  dependence. 

Section  3  develops  the  finite  difference  approach.  Radial  and  axial 

dependence  are  discretized  by  central  differences  while  time  dependence 
is  integrated  by  the  Kutta-Runge  method. 

Section  4  compares  acoustic  histories  from  the  two  approaches  validating  the 
modal  approach.  Histories  of  the  acoustic  model  are  compared  to  those 
from  a  3-D  axisymmetric  elastic  model  demonstrating  the  inadequacy  of  the 
acoustic  model  when  applied  to  a  solid  with  Poisson  ratio  near  1/2  and 
forced  by  applied  acceleration.  Sensitivity  of  the  acoustic  histories  to 
type  of  excitation  and  to  parameters  of  the  prescribed  acceleration 
profile  is  also  presented.  The  effect  of  Poisson  ratio  V  on  peak  elastic 
stress  is  evaluated  confirming  that  for  prescribed  acceleration  mismatch 
of  acoustic  and  elastic  results  is  not  caused  by  small  deviations  in 
Poisson  ratio  V  from  1/2  in  the  elastic  model.  Finally,  results  from  the 
two  models  are  compared  for  prescribed  uniform  pressure  revealing  that 
the  mismatch  diminishes  when  shear  stress  is  reduced. 

2 .  Modal  analysis 
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In  the  analysis  to  follow,  all  variables  are  independent  of  circumferential 
angle  due  to  the  assumption  of  axisymmetry.  This  condition  applies  for  a 
cylindrical  projectile  at  normal  incidence.  Consider  a  traction-free  disk  with 

radius  and  length  h  bonded  to  a  rigid  sub-strate.  Appendix  A  derives  the 

acoustic  equation  in  the  limit  when  shear  stress  vanishes  in  the  linear  elasto- 
dynamic  equations  of  a  solid.  In  the  analysis  to  follow,  r  and  Z  denote  radial 
and  axial  coordinates.  Acoustic  propagation  in  the  disk  is  governed  by  the 
acoustic  equation 

(a„  +l/r  a,  +d^^)p,  -  Mel  d„p,  =  0  (la) 

with  the  following  boundary  conditions 

p{r^,z;t)  =0  (lb) 

p{r,0',  t)  =  [H  {r)  —  H  {r  —  r^)]  fit)  prescribed  pressure 

d^pir,0;t)  =-pfJt)  0<r<r^  1  (ic) 

>  prescribed  acceleration 

/>(r,0;  0  =0 


d^pir,h\  0=0,  fixed  face,  or  alternatively 
p{r,h\  t)  =0  ,  free  face 


(Id) 


where  H(r)  is  the  Heaviside  function,  is  footprint  radius  of  the  external 
excitation  which  is  projectile  radius,  fit)  is  time  dependence  of  prescribed 

pressure  and  f^it)  is  time  dependence  of  prescribed  acceleration.  Express  pir,Z',t) 
as  a  superposition  of  two  terms  (see  Berry  and  Naghdi  [14]) 


pir,z  \  t)  =  < 


z)  fit)  +  p^ir,z  \  t)  ,  prescribed  pressure 
—Ps z)  p  f^it)  +  p^  (r,  Z\t)  ,  prescribed  acceleration 


(2) 


where  pfr,z)  is  the  static  solution  of  (la)  with  inhomogeneous  boundary 
conditions  (Ib-d)  assuming  f  it)  =\  or  /d0  =  l/p,  and  Pjir,Z',t)  is  a  dynamic 
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solution  of  (la)  satisfying  the  homogeneous  boundary  conditions  (Ib-d)  with 
f(t)=0  or  /„(0=0. 

The  prescribed  acceleration  boundary  condition  in  (Ic)  is  mixed.  In  other 
words,  part  of  the  boundary  has  prescribed  pressure  gradient  and  the  other  part 
has  prescribed  pressure.  This  difficulty  can  be  overcome  by  dividing  the  circle 

bounding  the  footprint  into  /2  +  1  equidistant  radial  stations  with  increment  Ar^ 

t  ,  r2 , . ,  r„  ,  r,  -  =  Ar^  =  const 

where  •  Assume  a  uniform  pressure  of  unit  intensity  acting  over  each 

annular  segment  that  is  termed  source  segment.  Where  subscript  Z 

denotes  partial  derivative  with  respect  to  Z  r  evaluating  the  pressure 
gradient  P  ^^(r,Z^O  from  the  source  segment  at  the  center  of  the 

segment  =  (r^  + /^_^) / 2  that  is  termed  target  point  and  following  the  expansion 
in  (2)  yields 

f =  -P^,  ik(fcnO)pL  (0  +  P,djk  ’  0;  0  ( 3 ) 

where  P^s  Pzdik^^cn^^  static  and  dynamic  pressure  gradients  at 

/th  j  th 

target  point  due  to  the  /C  source  segment.  Enforcing  the  condition  of 
prescribed  pressure  gradient  p^fif)  over  the  footprint  at  each  time  step  yields 

a  set  of  simultaneous  equations  in  the  weights 

n 

=  ,  \<i<n  (4) 

k=l 

The  combined  pressure  from  all  annular  source  segments  is  the  superposition  of 
/^^(r,Z^0  factored  by  time  dependent  weights 
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p{r,z\t)  =  ^Pi^{r,z-,t)c^{t)  ,  l</<i 


k=\ 


(5a) 


4  (r,  z\t)  =  -p,ji,(r,  z)  p  f^(t)  +  p^j^  (r,  z;t) 


Solutions  of  sn(d  for  each  unit  source  segment  are  outlined  in 

what  follows.  The  static  solution  for  the  source  segment  takes  the  form 


(5b) 


m=l 

Vsm,k  (z)  =  cc„,  sinh(fc^„  z)  +  cosh(^^„  z) 

where  is  the  Be  ssel  function  of  the  first  kind  and  zeroth  order. 

Substituting  (5b)  in  the  boundary  conditions  (lb,c,d)  and  enforcing  orthogonality 


yields 


2(^dl(tm  h)-h-xJPKm  fk-l)) 


(6a) 


P m.k 


(6b) 


(-/^m,-fctanh(^^„  h)  ,  fixed  face,  or  alternatively 
~Pm.k  !  ’  free  face 

Note  that  in  (3)  P^jdfn^)  =  ^zPs,k(^cn^)- 


The  dynamic  solution  p^j^{r,zU)  satisfies 

(d,,+l/r  d^+d^^)pj,  -1/cl  ^„Pd.k  =0  (7) 

and  the  homogeneous  boundary  conditions  in  (Ib-d)  .  Expand  p^{r,Z',t)  in  terms  of 
its  orthogonal  eigenfunctions 

PdA^^^V)  =  Y,H^.nn,k(^)  ¥dn(z)  JoiK,nr)  (8) 
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Applying  the  homogeneous  boundary  conditions  in  (lb,c,d)  to  and 

produces 


1  <  m  <  m 


cos(^^^  z),  cos(^^^  h)  =  0  ^  k^h  =  —{2n-l)7l,  fixed  face 
Wdn^z)  =  \  2  ,l<n<n^  (9b) 

sin(^  h),  sin(^  h)  =  0  ^  k  h  =  nn,  free  face 


k  -\-k  -  k  m  -  r  k 

^mn  ’  ^mn  ^mn 


where  0)^^  is  the  eigenf requency  corresponding  to  mode  {m,n)  .  Substituting  (3)  in 
(la)  with  use  made  of  (5),  (6),  (8)  and  (9)  and  enforcing  orthogonality  of 
and  J^ik^^r)  yields 

d  At)  +  co''  a  M)  =  -N ,  ,  = 

mn,k^  ^  mn  mn,k^  ^  sd  mn,k  r  Jw  V  /  ’  Jw  ^  ^  J  w  ^  ^ 

2  i  (10) 

=  -  J  ¥sn,.k(z)  ¥dn(z)dz,  \  <  tH  <  tH^  ,  I  <  tl  <  tl^ 

n  Q 

In  deriving  Eg.  (10)  the  term  (Vq  =  5^^  + 1/ r5^)  vanishes  since 

static  pressure  pfr^z)  satisfies  the  equation  Vq/7^  =  0  .  Acoustic  displacements 
{w^u\  are  determined  from  (A4) 

SzPd,k  =  -P  t" 

2  (11) 

^rPd,k  =  -P  tr  ^k 

The  solution  to  (10)  is  expressed  as  a  Duhamel  integral 


a  u{t)  =  -- 

mn.k  ^ 


I 

■Jsin®„„a-r)  fJ(T)dT 
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Note  that  in  (11)  as  defined  in  (3) .  Once  histories  of 

^zPd.k  and  are  determined  from  solving  (10),  histories  of  and  are 

found  by  integrating  (11)  numerically. 


3.  Finite  difference 

Consider  a  disk  with  traction-free 

d^p(S),z-,t)  =0 
p{r^,z-,t)  =0 
d^p{r,Q-,t)  =0 


boundaries  satisfying  the  conditions 

(13a) 

(13b) 

(13c) 


p{r,h;t)  =\_H(r)-H(r-rp)~\f(t) 

d^p{r,h-,t)=-pf„{t)  ,  0<r<r^ 

pir,h;t)  =0  ,  rp<r<r^ 


prescribed  pressure 
prescribed  acceleration 


(13d) 


where  (  )  denotes  time  derivative.  Unlike  the  analysis  in  Section  2  where  Z  has 
its  origin  at  the  excited  boundary,  in  the  finite  difference  scheme  Z  has  its 
origin  at  the  non-excited  boundary.  Condition  (13a)  is  symmetry  about  the  axis  of 

revolution  r  =  0,  (13b)  is  traction-free  boundary  at  r  =  ,  (13c)  is  fixed 

boundary  at  Z  =  0,  and  (13d)  is  prescribed  acceleration  for  0  <  r  <  and 
traction-free  boundary  for  <  r  <  at  Z  =  h  .  Form  the  rectangular  grid 

i  =  l^n^  ,  d^<r<r^-d^  ,  d^=rj(n^  +  l) 

(14) 

_/  =  l— ,  d^<z<h-d^  ,d^=h/(n^+l) 

In  this  grid,  nodes  do  not  include  points  on  the  boundaries.  Expressing  Eg.  (la) 
in  central  difference  to  first  order  yields  the  following  relations  depending  on 
position : 

a)  Internal  points  d^<r<rj-d^,  d^<z<h-d^  =>  2<i<n^-\,  2<j<n^-l 
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+a4  Pi,  j-l)  =  ^l  4  Pij 


= 


^  1  1  ^ 

-  +  - 


,  (X2 


^  1  1  " 


\dr 


,  a,  =  -2 


^J_  J_" 


b)  Corner  point  at  r  =  d^,  Z  =  d^  ^  i  =  l,  j=l 

+(«2  +«3  +(^4)Pi,j  +CCAPi.j^i  =^'4  Pij 

c)  Points  along  axis  r  =  d^,d^<Z<h  —  d^  ^  i  =  l  ,  2  <  j  <  —1 

+(«2  +«3)Aj  +«4(A'.M  +  Aj-i) 

d)  Corner  point  at  r  =  d^,Z  =  h  —  d^  ^  ^'  =  1?  j  ~ 

For  prescribed  pressure 

+(«2  +«3)Aj  +«4Aj-1  -1/Cfc  J3.;  =aj(t) 

For  prescribed  acceleration 

+(«2  +«3  +«4)A.y  +«4Aj-1  =-  Pf4^)ld, 

e)  Points  along  boundary  d^<r<rj—d^,  Z  =  d^  1,  7  =  1 

+«2A-i,y  +(«3  +«4)A-,i  +«4A-,i4i  =l/d  t.i 

f)  Points  along  boundary  d^<r<r^—d^,  Z  =  h  —  d^  ^2<i<n^—l,  7  =  ^^ 
For  0  <  r  <  and  prescribed  pressure 

+«2A-w  +«3Aj  +«4Aj-i  -i/Cfc  Pij  =a,  fit) 

For  0  <  r  <  and  prescribed  acceleration 

+«2A-i,,  +(«3  +(^4)Pu  +(^APi,i-i -^'4  Pi.j  =-pL(t)id, 


(15a) 


(15b) 


(15c) 


(15d) 


(15e) 


(15f) 


For  r 


^  'd 


^iPmj  +a^Pi-ij  +  a^Pij  +a,Pij_,  -Mel  p,  .  =0 
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g)  Corner  point  at  r  =  r^—d^,  Z  =  d^  =>  i  =  n^,  7=1 

+(0=3  +«4)Aj  +«4Aj+1  <1^5) 

h)  Points  along  boundary  r  =  r^—d^,  d^<Z<h  —  d^  ^  2  <  J  < —  1 

«2 A-i,y  +  CCiPij  +  «4  ( A-.i+i  +  )  =  1  /  d  t.y  ( 1 5h ) 


i)  Corner  point  at  r  =  r^— d^,Z  =  h  — d^  ^  i  =  n^,  J  ~ 


+  ^4 A, 7-1  Pu 


(15i) 


In  (15a-i),  the  differential  equation  is  satisfied  only  at  internal  points  of 
the  grid  modified  by  constraints  on  the  boundaries. 

Applying  (15a-15i)  at  all  internal  points  in  the  grid  (14)  produces  a  set 


of  ordinary  differential  equations  in  Pi  jit)  cast  in  the  form  of  tri-diagonal 
blocks  as  follows 

|>=c;(M,p-F(()) 

A,  C, 


(16) 


M,= 


A2  C2 


•  • 


®«,-l  ^n,-\  ^n^-l 

B„  A 


B.  and  C-  are  (/2  X/2  )  diagonal  matrices,  A.  is  (/2  X/2  )  banded  matrix  with 

I  I  Z  f'  z  z 


bandwidth  3,  and  F  is  the  global  vector  of  the  forcing  function  in  (15d)  and 
(15f)  .  For  each  point  J  3  (1  <  along  an  i  line  in  the  grid,  coefficients  of 


ij 


in  the  Laplacian  define  A.,  coefficients  of  p.  ^  ■  define  B 


and 


coefficients  of  Pi+i  j  define  C- .  The  time  derivative  is  expressed  in  central 
difference  to  first  order  allowing  integration  in  time. 
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viscous  damping  is  included  following  the  approximate  equation  (A12) 

(i  +  vicl  -  ncl  d„p  =o  (ai2) 

This  modifies  (16)  to  the  first  order  system 

p  =  q 

q  =  cjM,p  +  i;M,q-c,;F(,) 

4 .  Results 

The  numerical  experiments  to  follow  assume  a  traction-free  gelatin  disk 
12.1  mm  {=0.5  in)  thick  and  25.Amm{=\in)  radius  with  the  boundary  Z  =  h  bonded  to  a 
rigid  surface.  In  the  elastic  model  the  gelatin  properties  are  (Eisler,  R.  [16])  : 

r  =  3.1xlOVyn/cm"  (=4.5x10^  Ib/in^), 

/  ,  (18a) 

p  =  0.93  ^  /  cmg=  8.7  X  lO"'  lb  /  m" ) ,  v  =  0.48 

The  data  in  (13a)  yield  a  small  ratio  of  Lame'  constants 

A//A  =  (1-2v)/(2v)«0.0417  resulting  in  reduced  shear  stresses  and  in  turn  large 
displacements.  In  the  acoustic  model,  bulk  modulus  ,  density  p  and  speed  of 
sound  are  then 

r,  =  r /(3(1  -  2v))  =  2.73  X 10“  dyn  /  cm"  (=  3.95  x  lO'  lb  /  m" ) 

p  =  0.93g/cm^  (=0.87x10"^/Zj //m")  (l8b) 

c^  =  sJEi^  / p  =1.71  km/ s(^=  6.74x10"^  in! s  ) 

is  determined  from  experimental  measurements  of  . 

To  confirm  the  implementation  of  the  complicated  analytical  approach 
adopting  time  dependent  influence  coefficients,  results  are  first  compared  to 
those  from  the  more  straight  forward  numerical  finite  difference  approach  derived 
in  Appendix  B.  Fig.  1  compares  acoustic  pressure  histories  from  the  two  approaches 
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for  a  layer  forced  by  a  prescribed  trapezoidal  pressure  pulse  of  unit  intensity 
lasting  8/15'  with  2/15  rise  and  fall  times  and  4a/5  plateau  applied  over  a  circular 

footprint  with  radius  =  6.35mm  0.25  m)  .  Fig.  I(al,a2)  plots  histories  at 

z  =  0.5h  and  Fig.  I(bl),(b2))  at  Z  =  h.  For  each  Z,  histories  at  3  radial  stations 
rlr^=  0,  0.5  and  0.9  are  superimposed.  Fig.  l(al,bl)  shows  that  the  prescribed 

pressure  pulse  quickly  changes  profile  as  the  wave  travels  along  Z  .  The  flat 
plateau  of  the  profile  acquires  a  discontinuity  in  intensity  after  an  interval 

At^=3.5jUS  from  the  wave  front  equal  to  travel  time  of  the  wave  over  .  Over  this 
interval  intensity  diminishes  smoothly  with  Z  ,  while  over  the  remaining  interval 
At2=4.5jUS  intensity  diminishes  steeply  with  Z  .  At  Z  =  h  ,  intensity  over  rises 

from  reflections  at  the  rigid  boundary.  Histories  from  the  two  distinctly 
different  approaches  agree  confirming  the  implementation  of  the  analytical  model. 

The  difference  in  response  between  the  acoustic  model  and  the  3-D 
axisymmetric  elastic  model  is  discussed  in  what  follows.  Fig.  2(a,b)  plots  the 

eigen-frequency  Cl  {kHz)  versus  radial  vfave  number  ^ ^  ~  ^rnJ'd  ^ ^  with  axial  wave 
number  fl  as  parameter  for  the  elastic  and  acoustic  models.  For  each  mode  {m^fi)  , 

Cl  of  the  acoustic  model  is  5  times  higher  than  that  of  the  elastic  model.  The 
reason  is  that  in  the  acoustic  model  Q  is  proportional  to  while  in  the  elastic 

model  it  is  proportional  to  the  flexural  phase  velocity  that  is  bounded  by  the 

shear  speed  =  ^E/{2(l  +  v)p)  .  For  v=0.48,  eg =4.97  consistent  with  the  ratio 

observed  in  Fig.  2.  This  is  the  fundamental  difference  distinguishing  the  two 
models.  Furthermore,  the  acoustic  model  cannot  capture  transverse  wave  propagation 
as  no  shear  is  included  in  the  model.  Although  in  the  elastic  model  extensional 
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modes  exist  with  frequencies  proportional  to  nevertheless  flexural  modes 
dominate  the  response  because  of  their  lower  frequencies . 

Fig.  3  plots  prescribed  motion  when  acceleration  is 

prescribed  at  the  footprint,  is  made  of  4  linear  segments 


1.  Linear  acceleration: 


2.  Constant  acceleration: 


3.  Linear  deceleration: 


4.  Constant  velocity: 


Assuming  that  the  first  three 


fw2  ~  CC^t^  ,  ^  ^  ?2 

fw3  ~  fw2  (^2  )  ~  ~  ^2  )  '  ^  —  ^3 

44(0  =  0,  = 

time  intervals  are  equal  lS.t^  =  lS.t^  , 


and  (X2—OC^r  then  (X^  is  determined  by  assigning  the  constant  velocity  to 

4,4(0)  •  In  the  analysis  to  follow 

+A?2 +A?3  =2//5  ,  t/g  =  14  m/5  (=  46/?/5'  )  (19) 

Fig.  4  compares  histories  of  the  elastic  and  acoustic  models  from  prescribed 
acceleration.  Displacement  at  Z  =  0  (Fig.  4(al),  (a2))  conforms  to  the  prescribed 
value  in  Figure  3(c)  .  At  Z  =  0,  Fig.  4(bl),  (b2)  compare  histories  of  axial  stress 

— from  the  elastic  model  to  pressure  p  from  the  acoustic  model.  Peak  stress, 
pulse  duration,  distribution  of  p  over  the  footprint,  and  shape  differ 

substantially  between  the  two  models.  At  Z  =  hf  Fig.  4  (cl),  (c2)  compare  to  p 

histories.  There,  magnitude  and  pulse  width  also  differ.  It  is  evident  from  this 
comparison  that  the  two  models  differ  appreciably  in  spite  of  the  fact  that  in  the 
elastic  model  V=0.48  is  close  to  the  transition  value  1/2. 
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The  difference  between  the  two  models  in  response  from  uniform  prescribed 
pressure  and  prescribed  acceleration  is  demonstrated  in  the  example  to  follow.  A 

uniform  pressure  pulse  duplicating  that  at  r  =  0  in  Fig.  4(b2)  is  applied  at  Z  =  0 
(see  Fig.  5(b)) .  The  resulting  histories  of  displacement  W  and  pressure  p  at 

Z  =  h  are  shown  in  Fig.  5(a)  and  5(c).  Comparing  histories  in  Fig.  4(a2),(c2)  to 
those  in  Fig.  5(a),  (c)  reveals  the  sensitivity  of  response  to  p  distribution  over 
the  footprint.  Further  evidence  of  this  sensitivity  appears  when  comparing  p  and 

W  profiles  at  Z  =  0  of  the  two  cases.  For  prescribed  acceleration  p  (Fig.  6(al)) 
is  not  uniform  while  W  (Fig.  6(bl))  is  almost  constant  for  r<r^  and 
discontinuous  at  r  =  .  For  prescribed  pressure,  p  (Fig.  6(a2))  duplicates  the 

external  pulse  while  W  (Fig.  6(b2))  increases  with  r  reaching  a  maximum  at  r  = 

with  a  discontinuity  even  stronger  than  that  in  Fig.  6(bl) . 

The  parameters  characterizing  the  applied  acceleration  profile  are  the  final 

constant  velocity  U^,  and  time  interval  3  of  acceleration  and  deceleration  to 
reach  smoothly  from  rest.  Fig.  7  plots  P^^  with  3  as  parameter 

and  vice  versa.  As  expected,  P^^^^x  linear  with  (Fig.  7(al),  (a2))  .  In 

contrast,  p^^^  is  non-linear  with  A^^  3  (Fig.  7(bl),  (b2))  following  a  relation 

Pmax^^o^h^  where  the  (X  depends  on  Z  .  Pmax  approaches  a  constant  value  as 
A^i  3  — ^  0  when  slope  of  the  acceleration  profile  in  Fig.  3(a)  becomes  infinite. 

This  is  the  limiting  case  when  is  applied  instantaneously.  For  A^^  3  <  3  ps  , 

Pmax  ^oes  through  a  transition  when  its  value  at  Z  =  h  exceeds  that  at  Z  =  0.  The 
transition  A^^  3  is  almost  independent  of  . 
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Figure  8 (a)  shows  deformed  shapes  at  t  =  8iis  from  the  elastic  model  for 
V =0.470  and  0.495  keeping  bulk  modulus  the  same.  This  requires  expressing  the 

constitutive  law  in  terms  of  and  V  as  in  Eg.  (A2b) .  Note  that  bulging  of 

material  near  the  perimeter  is  more  pronounced  for  V=  0.495  than  for  V  =0.470.  As 

V  approaches  1/2,  material  compressibility  diminishes  followed  by  a  reduction  in 
phase  velocity  along  r  near  the  free  surface  which  delays  propagation  of  the  wave 
front,  in  turn,  conservation  of  volume  and  pressure  release  beyond  the  perimeter 

r >  explains  the  formation  and  intensification  of  the  bulge,  indeed,  the  closer 

V  gets  to  1/2  the  steeper  the  displacement  gradient  d^W  along  the  perimeter 

reminiscent  of  the  acoustic  W  profile  in  Fig.  6(bl) .  The  effect  on  peak  elastic 
stress  of  V  in  the  range  0.47  <  V  <  0.498  is  shown  in  Fig.  8(b)  .  Although 

(CT^  )  at  Z  =  0  is  insensitive  to  V  for  V<  0.495  ,  its  value  at  Z  =  h  drops  by  7  6% 

V  ^  /  max 

due  to  a  6%  increase  in  V  .  Unfortunately  for  attempts  to  use  the  acoustic  model 
to  capture  elastic  features,  this  makes  the  discrepancy  between  acoustic  and 
elastic  results  even  larger  than  that  in  Fig.  4 (cl), (c2) . 

Convergence  of  the  elastic  model  with  number  of  modes  is  paramount  in  the 
comparison  between  elastic  and  acoustic  results.  This  is  especially  important 
since  in  the  elastic  model  shear  drops  modal  frequencies  substantially  (see  Fig. 

2) .  A  larger  modal  set  in  the  elastic  model  may  be  needed  for  its  results  to  agree 
with  the  acoustic  model  that  includes  volumetric  modes  only.  To  verify  convergence 
of  the  elastic  model,  histories  from  the  analysis  that  produced  results  in  Fig. 
4(bl)  and  Fig.  8(b)  are  compared  to  those  from  the  finite  volume  model  employed  by 
El-Raheb  [15]  that  couples  projectile  and  disk  with  40,000  nodes.  Properties  and 
geometry  of  the  projectile  are 
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=  1.21x10" Jyn/cm"  (=1.76x10® 
p^=\ g/cm^  (=9.3x10'®  lb  s^/in^),  =0.3 

=635  mm  (^=0.25  in),  =25  A  mm  {=\  in),  U  ^  =20  m!  s  {=65  ft !  s) 

%  =(^p(l-v,)/((l  +  v,)(l-2v^)pjy''  =4.1  km/s  (=1.6x10®  inis) 

are  projectile  radius  and  length,  U ^  is  striking  velocity  and  is 

dilatational  speed  of  sound.  Properties  of  gelatin  are  given  in  (13a, b) .  Based  on 
the  acoustic  impedances  (^pCp^  of  projectile  and  gelatin,  the  velocity  of  gelatin 

at  the  footprint  following  impact  is  approximately  U^  =  lAmls  (^=  45  ft  /  . 

Histories  of  axial  displacement  W  at  the  footprint  from  the  two  models  coincide 
(Fig.  9(al),  (a2))  since  the  asymptotic  velocity  U ^  at  the  footprint  is  the  same 

for  both  models.  Fig.  9(bl),  (b2)  compare  histories  of  axial  stress  (T^  at  the 
footprint  from  the  two  models.  In  the  finite  volume  model,  the  drop  in  (J ^  ^  jUS 

after  impact  (Fig  9(b2))  corresponds  to  the  arrival  time  at  r  =  0  of 

tensile  reflections  from  the  projectile's  lateral  boundary.  This  is  evidenced  by 
the  deviation  from  linearity  of  the  W  histories  at  in  Fig  9(a2)  .  In  general, 

magnitude  and  shape  of  the  (J^  histories  agree  suggesting  convergence  of  the 
analytical  elastic  model. 

For  prescribed  uniform  pressure,  W  histories  from  elastic  and  acoustic 
models  agree  (Fig.  10(bl,b2))  except  at  the  footprint  Z  =  0  (Fig.  10(al,a2)).  In 
Fig.  11,  the  lead  pulse  in  the  (T^  histories  from  the  two  models  is  followed  by  a 
plateau  with  lower  magnitude.  The  wave  reflected  from  the  constrained  face  at 

Z=h  appears  as  a  peak  following  the  plateau.  In  the  elastic  model, 
i)  Rise  time  is  longer 
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ii)  History  is  modulated  by  a  periodic  oscillation 
ill)  Magnitude  of  the  reflection  dip  is  reduced. 

For  prescribed  uniform  pressure,  the  two  models  agree  better  than  for  prescribed 
acceleration  implying  that  mismatch  between  the  two  models  increases  with 
magnitude  of  shear  stress  in  the  elastic  model.  Indeed,  near  the  perimeter  of  the 
footprint  shear  stress  is  lower  for  prescribed  uniform  pressure  than  it  is  for 
prescribed  acceleration  because  in  the  later  pressure  distribution  is  not  uniform 
(Ref.  [15]). 

5 .  Conclusion 

Acoustic  wave  propagation  in  a  weak  layer  is  treated  adopting  both  a 

modal  and  a  finite  difference  approach.  The  acoustic  equation  derives 
from  the  elasto-dynamic  equations  when  shear  stress  vanishes.  Two 
types  of  excitations  are  considered  at  the  boundary,  prescribed 
pressure  and  prescribed  acceleration.  In  the  modal  approach,  the 
external  excitation  is  modeled  by  the  static-dynamic  superposition 
method.  Noteworthy  results  are 

1.  Acoustic  histories  from  the  modal  and  finite  difference  approaches  coincide. 

2.  For  prescribed  acceleration,  histories  from  the  acoustic  and  elastic  models 
disagree  both  in  magnitude  and  shape  because  the  resulting  pressure  is  not 
uniform.  However  the  two  models  show  agreement  for  prescribed  uniform  pressure 
because  shear  stress  is  reduced. 

3.  Employing  the  elastic  model  reveals  that  remote  from  the  footprint 

drops  sharply  as  V  approaches  1/2  making  the  discrepancy  between  acoustic  and 
elastic  results  even  larger. 

4.  Convergence  of  the  elastic  model  with  number  of  modes  is  verified  by 
comparing  its  histories  with  those  from  a  finite  volume  model  coupling 
projectile  and  disk. 
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5.  For  prescribed  acceleration  at  the  boundary,  rise  time  in  pressure  history 

is  proportional  to  3  while  proportional  to  . 

6.  Histories  from  prescribed  pressure  and  prescribed  acceleration  differ 
because  of  non-uniform  pressure  distribution  over  the  footprint. 

7.  For  3  <  y  Pmax  ^^es  through  a  transition  when  its  value  at  the 

boundary  Z  =  h  exceeds  that  at  the  footprint  Z  =  0.  is  a  function  of 

and  p  but  is  almost  independent  of  . 


Appendix  A.  Acoustic  equation  in  the  limit  of  elasto-dynamic  equations 

Consider  the  linear  axisymmetric  elasto-dynamic  equations  in  cylindrical 
coordinates 

(Al) 

where  radial,  circumferential,  axial  and  shear  stresses,  and 

(u,w)  are  radial  and  axial  displacements.  Bulk  modulus  relates  average  normal 


stress  Gy  to  volumetric  strain  Sy 

Gy  =  Sy  =  p  cl  Sy,  E^  =  (3A  +  2^)/3  =  £'/(3(l  -  2v)) 

Gy  =  {g^^  +  +  gJI3  (A2a) 

=  ^rr  +  ^ee  +  ^zz  =  ^  ^  =  d^u  +  ulr  +  d^w 

where  (A,/i)  are  Lame  constants  and  is  bulk  speed  of  sound.  In  terms  of  E^ 
and  V ,  the  constitutive  law  takes  the  form 


3v  ^  ^  ,3(l-2v)^ 

cr,,  =  - - -  r  s„  d,,  +  — - —  r 


(1  +  v) 


(1  +  v) 


(A2b) 


As  V— >1/2,  G..—>Gy=E,Sy  recovering  the  bulk  relation  in  (A2a) 
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V^l/2  ^  T^=0,  <Jrr=(y00=(y^^-Pd  (A3) 

where  5--  is  Dirac's  delta  function.  Substituting  (A3)  in  (Al)  produces  the 
linear  Euler  equation 

pd,^U  =  -yp,  (A4) 

where  U  is  displacement  vector.  For  a  homogeneous  fluid,  conservation  of  mass 
takes  the  form 


+  p5,(V-u)  =  0  (A5) 

The  equation  of  state  is 

d  Pd  2 

^  =  (A6) 

dp 

implying  that 

^tPd=4^tP  (A7) 

Unlike  the  elastic  solid  where  deviatoric  or  shear  stresses  contribute  to 
material  stiffness  and  reversible  strain  energy,  in  a  viscous  fluid  these 
stresses  are  dissipative  and  irreversible.  They  are  related  to  acoustic  velocity 
by  a  constitutive  law  resembling  that  of  an  elastic  solid 

m  -2/3/7)<5,;.  d,  s„  +rid,  s,j  =  {<; -2/3ri)d,j  d,  5,  m,  +  t]  d,  (as) 


X.,Xj  are  independent  variables  and  and  T]  are  coefficients  of  viscosity 
for  dilatational  and  deviatoric  stains  (see  Landau  and  Lifshitz  [17]  page  48) .  Eg. 
(A8)  resembles  the  constitutive  relation  (A2b)  where  3v/(l  +  v)£'^  and 


3(l-2v)/(l  +  v)£,  are  replaced  by  and  T]  .  The  linearized  Navier-Stokes 

equations  simplify  to 

p8^,u  =  -Vpj  +  5,[(4'-l/6r7)V(V-u)  +  (77/2)V^u]  (A9) 

Conservation  of  mass  and  the  equation  of  state  are  given  by  (A5)  and  (A6) . 
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Substituting  for  d^p  from  (A7)  into  (A5)  yields 


e,[Pd  +  pcl(v-'a)~\  =  0  (AlO) 

Equation  (AlO)  is  the  time  derivative  of  (A2a)  with  (Jy  replaced  by  —p  .  For  a 

non-viscous  fluid,  taking  the  divergence  of  (A4),  then  eliminating  U  using  (AlO) 
determines  the  acoustic  equation 

(a„  +l/r  a,  +d^^)p,  -  l/cl  d„p,  =  0  (All) 

Equation  (All)  is  purely  hyperbolic  non-dispersive . 

For  a  viscous  fluid,  adopting  the  procedure  that  led  to  (All)  on  (A9)  and 

assuming  that  ^=ll6p  yields  the  approximate  viscous  acoustic  equation 


{l  +  v/c^  d^){d^^+l/r  d^+d^^)p,  -\lcld„p,  =0 


where  y=nl(lp) 


(cm^  /  5') 


is  kinematic  viscosity. 


(A12) 
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r=0.02r^,  . /•=0.5r^, .  •  •  •  -  r=  0.96  r^^ 
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Figure  1.  Acoustic  histories  from  prescribed  pressure 
-  r/r=0,  . 0.5  ,  . 0.9 

(al),(bl)  modal ,  (a2),(b2)  finite  difference 
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Figure  4.  Comparison  of  elastic  and  acoustic  histories  for  prescribed  acceleration 

-  r/rp=0,  . 0.5  ,  . 0.9 

elastic  model:  (al)  w(r,  0)  ,  (bl)  o^fr,  0) ,  (cl)  o^fr,  h) 

acoustic  model:  (a2)  w(r,  0)  ,  (b2)  o^fr,  0)  ,  (c2)  h) 
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Figure  6.  Acoustic  pressure  and  displacement  profiles  at  z-0  and  t  -  4\\s 
(al),  (bl)  prescribed  acceleration,  (a2),  (b2)  prescribed  pressure 
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Figure  8.  Effect  of  Poisson  ratio  v  on  : 

(a)  deformation  snap-shots  at  /  =  5  |I5  ; 

(al)v=0.470.  (a2)  v =0. 495 

(b)  variation  of  peak  stress  with  v 
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analytical  finite  volume 


Figure  9.  Comparison  of  analytical  and finite  volume  elastic  models 

_ r/r^=0.02  ,  . 0.5  ,  - 0.96 

(al),(bl)  w,  analytical,  (a2),(b2)  w,  finite  volume 
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Figure  10.  Comparison  of  w  histories  from  elastic  and  acoustic  models 
with  prescribed  pressure;  —  r/rp=0,  . 0.5  , - 0.9 
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Summary 

Analyzed  is  transient  response  of  a  hollow  cylinder  to  time  dependent  radial 
and  axial  velocities  prescribed  at  the  cylinder's  inner  boundary.  Modal  and  static 
solutions  are  superimposed  for  solving  transient  response.  Axial  dependence  is 
expressed  by  two  orthogonal  sets  of  periodic  functions;  one  set  satisfies 
vanishing  axial  stress  at  the  cylinder  ends  and  applies  to  the  radial  traction 
problem,  and  the  other  set  satisfies  vanishing  shear  stress  at  the  ends  and 
applies  to  the  axial  traction  problem.  The  mixed  boundary  value  problem  with 
velocity  prescribed  over  part  of  the  boundary  and  vanishing  stress  prescribed  over 
the  remaining  part  is  analyzed  by  the  method  of  influence  coefficients.  This 
method  superimposes  response  from  several  external  annular  traction  segments  of 
unit  intensity  with  time  dependent  weights  yielding  a  combined  response  equal  to 
the  prescribed  instantaneous  velocity. 
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1 .  Introduction 

Trauma  in  human  organs  from  projectile  penetration  is  caused  by  two 
mechanisms : 

i)  Tissue  damage  along  projectile  path.  This  interaction  is  hydrodynamic  in 
nature  where  inertial  and  frictional  forces  dominate  the  projectile's  motion 
as  it  decelerates  and  eventually  stops. 

ii)  Stress  waves  generated  at  the  cylindrical  interface  between  projectile  and 
tissue  from  radial  and  axial  velocities  prescribed  by  the  projectiles 
during  penetration.  These  waves  radiate  to  neighboring  tissue  and  organs 
causing  further  damage. 

The  present  analysis  concerns  mechanism  ii)  above. 

As  the  projectile  penetrates  into  tissue,  it  moves  material  by  replacing  it 
with  its  own  volume.  When  the  material  fails,  it  acts  more  like  a  fluid,  lessening 
the  amount  of  material  being  compressed.  In  the  radial  direction,  material  is 
compressed  by  an  expanding  cross-section  of  the  projectile's  smoothly  curved  nose. 
As  long  as  the  projectile's  speed  is  much  smaller  than  the  speed  of  stress  waves 
in  the  material,  the  moving  projectile  can  be  approximated  by  radial  and  axial 
velocities  prescribed  along  its  boundary.  For  a  projectile  speed  of  330  ft/s  and  a 
dilatational  speed  in  tissue  material  of  5600  ft/s,  this  approximation  is  valid. 

Dynamic  response  of  solid  and  hollow  elastic  cylinders  has  been  studied 
extensively  in  the  literature  as  it  applies  to  a  variety  of  engineering  and 
science  problems.  A  large  body  of  references  concerns  sound  scattering  by  elastic 
cylinders  in  the  frequency  domain.  Among  these  are  Stanton  (1988),  Honarvar  and 
Sinclair  (1996),  Bao  et  al .  (1997),  Wang  and  Ying  (2001)  .  Stepanishen  and  Janus 

(1990)  treat  transient  radiation  and  scattering  from  fluid  loaded  cylinders. 
Frequency  response  of  cylinders  is  analyzed  by  Grishenko  and  Meleshko  (1978) , 
Batard  et  al .  (1992),  and  Grinchenko  (1999)  .  Soldatos  and  Ye  (1994)  treat 
anisotropic  laminated  cylinders,  and  Hussein  and  Heyliger  (1998)  consider  layered 
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piezoelectric  cylinders.  Cheung  et  al .  (2003)  analyze  the  3-D  vibration  of  solid 

and  hollow  cylinders  by  the  Chebyshev-Rit z  method.  Very  few  references  discuss 
transient  response  of  elastic  cylinders.  Paul  and  Mural!  (1995)  determine  the 
axisymmetric  dynamic  response  of  poro-elastic  cylinders.  Soldatos  (1994)  presents 
a  compilation  of  more  than  150  references  on  frequency  response  of  solid  and 
annular  elastic  cylinders,  yet  not  a  single  one  addresses  transient  response.  Yin 
and  Yue  (2002)  solve  the  transient  plane-strain  response  from  impulse  of  infinite 
length  multi-layered  cylinders.  From  the  list  above,  this  is  the  only  reference 
relevant  to  a  special  case  of  the  present  analysis. 

The  influenced  region  is  simulated  by  tissue  material  in  the  shape  of  a 

hollow  cylinder.  Let  (r,z)  be  radial  and  axial  coordinates  with  origin  at  one  end 
of  the  cylinder  axis.  The  inner  cylinder  radius  is  that  of  the  penetrating 

projectile  while  its  outer  radius  and  length  /  are  chosen  to  include  the 
furthest  radial  and  axial  locations  affected  by  penetration.  In  a  coordinate 
system  (r,z)  centered  at  one  end  of  the  finite  cylinder,  the  projectile  lies  in 

the  interval  such  that  ^here  is  projectile  length.  The 

tissue  material  is  linear  visco-elastic  with  a  constitutive  law  that  includes 
first  temporal  derivatives  of  stress  and  strain. 

For  simplicity  and  without  loss  of  generality,  axial  functions  satisfying 
the  differential  equations  and  specific  boundary  conditions  at  the  two  ends  of  the 

cylinder  Z  =  (0,/)  are  divided  into  2  sets.  One  set  satisfying  vanishing  axial 
stress  (T^  at  z  =  (0,l)  which  has  radial  and  axial  displacements  {u,w)  proportional 
to  (^sin(m7l  Z  / 1) ,  COS(m7l  Z  / belongs  to  "problem  1",  where  m  is  an  integer  wave 
number.  The  other  set  satisfying  vanishing  shear  stress  at  Z  =  (0,/)  which  has 

(u,w)  proportional  to  (^COS^mTl  Z  / 1) ,  Z  / belongs  to  "problem  2".  The  first  set 
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applies  to  radial  tractions  prescribed  at  the  cylindrical  footprint 
r  =  while  the  second  set  applies  to  prescribed  axial  tractions  along 

the  same  footprint.  The  fact  that  each  set  satisfies  different  boundary  conditions 
does  not  affect  transient  response  until  waves  reflect  from  the  axial  boundaries. 
Consequently,  one  problem  is  solved  for  each  type  of  forcing  excitation  and 
results  are  superimposed  if  both  types  of  excitation  are  acting  simultaneously. 

The  form  of  the  forcing  function  closest  to  the  application  is  radial  and 
axial  velocity  prescribed  over  part  of  the  inner  cylindrical  boundary,  yet  this 
leads  to  a  mixed  boundary  condition.  This  difficulty  can  be  overcome  by 
superimposing  response  from  a  set  of  unit  radial  or  axial  tractions  with  time 
dependent  weights  prescribed  on  annular  portions  of  the  inner  boundary.  These 
weights  are  updated  at  each  time  step  using  the  condition  that  combined  velocity 
response  at  the  center  of  each  annular  portion  equals  the  prescribed  instantaneous 
velocity,  in  this  way,  the  forcing  function  is  converted  to  pure  radial  or  axial 
traction  with  time  varying  spatial  dependence. 

Section  2  derives  frequency  and  transient  response  of  the  hollow  cylinder 
with  finite  length.  Section  3  presents  stress  histories  from  prescribed  radial  and 
axial  pressures  and  velocities  at  the  inner  boundary. 

2a.  Elastic  analysis 

in  the  analysis  to  follow,  all  subscript  will  denote  components  and  not 
partial  derivatives,  in  cylindrical  coordinates,  the  elastodynamic  equations  are 

yUV^u  +  (A  +  ^)V(V*u)  =  p5„u  (1) 

y^=d„+\lr  a^+l/r"  5^0+5^ 

V  =(l/r  a^r)e^+(l/rag)eg+(5^)e^ 
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{r,9,z)  are  radial,  circumferential  and  axial  independent  variables,  U  =  |i/,U,w}  is 
displacement  vector  along  these  directions,  (A,/i)  are  Lame  constants,  p  is  mass 


density  and  t  is  time.  Re-write  (1)  as 

yUV^u  +  (A  +  2^)V(V»u)-^V(V»u)  =  pd^^n  (2a) 

Noting  that 

//V^u-/yV(V»u)  = -// Vx  Vxu  (2b) 

permits  casting  (1)  in  the  form 

(A  +  2^)V(V»u) -^VxVxu  =  p5„u  (3) 

Define  dilatation  A  and  rotation  vector  \|/  as 

A  =V»u  ,  \|/  =  Vxu  (4) 

Substituting  (4)  in  (3)  yields  (Love  (1944)) 

(A  +  2^)VA -^Vxv|/  =  p5„u  (5) 

Taking  the  divergence  of  (5)  noting  that  V-(V  X  V')=0  yields 

(A  +  2^)V^A  =  pA„  (6) 

Taking  the  rotation  of  (5)  noting  that  Vx  (VA)  =  0  yields 

pVV  =  PV|/„  (7) 


For  axisymmetric  motions,  =  5^  =  0  and  y/^=y/^=0  reducing  (6)  and  (7)  to 

a  +  2p)V^A  =  pA„ 

^'^l¥e=P¥e.u  (8) 

Vl=d^+\l  rd^-n^  !  +d^  ,  n  =  0,l 

Expressing  (4)  in  terms  of  U  yields 

ls.  =  \l rd(ru)  +  d  w 
¥0  =0  u-a^  w 
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<7^  =  XA  +  2j^d^u  ,  (Tgg  =  XA  +  2/du/ r 

a^=  XA  +  2jud^w,  = /u{d^u  +  d^w)  (14) 

A  =  d^u+u/  r  +  d^w 

For  "problem  1",  harmonic  motions  in  time  and  simply  supported  boundaries  at  (0,/) 
yield  the  separated  relations 


'a^^(r)sinAz)' 

^ee 

< 

>{r,z,t)  =  ‘ 

a^gUsitiAz) 

a^(r)smAz) 

T^^(r)cosAz) 

Boundary  conditions  at  and  =  are 

<yrr  (fp  ^Z,t)  =  it)  [H{z-ZJ-H{z-Z^  )] 

r^^{rp,z,t)  =0  (15b) 

(T^^(r^,z,t)  =T^^(r^,z,t)  =0 


Pr(t)  is  a  time  dependent  uniform  radial  traction  acting  on  the  inner  cylindrical 


boundary  r  =  in  the  interval  .  The  Z  dependence  in  (15a)  yields 


U=(7^=0  at  the  cylinder  ends  Z  =  0,l.  Substituting  (11),  (13)  and  (15a)  in  (14) 


yields 


=  [_-((X  +  2p)k^ +Xk^^)jQ(kj)  +  2pk^  Ktt  /(tt 
+  ^-[iX  +  2p)k^ +Xk^^)YQ(kj)  +  2pk^  Y^(kj)  l{kj) 
+  2pk^k^  [J^ik^rj-J^ik^r)  l{kj)]C^ 

+  2MA  Ktt  /(t5]Q 


C 


a,,{r)  =  -[X{kl  +kl)J,{kj)  +  2pej,{kj)  /Ar)]g 
+  +2pej,{kj)  /Ar)]Q 

+  2pk^k^  [C^J^(kj)  +  CJ^(kj)  ]/(kj) 


(16a) 


(16b) 
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(r)  =  -  ((A  +  2^)kl  +  )[qj,  {kj)  +  C,Y,  (k^  r)] 

-  KK  (Kr)  +  CJoiKr)] 

(r)  =  -2^ik^k^  [C,J, ikj)  +  C,Y, {k/)] 

(16d) 

- -ki)[c,j,{k/)+c,Y,{kj)] 

Since  (T^  is  proportional  to  sin(A:^z)  in  (15),  it  vanishes  at  Z  =  0,l  .  This 

allows  a  rigid  body  motion  w{r,zU)  —  ^o^^^  when  external  traction  acts  along  Z  .  To 

avoid  the  rigid  body  motion,  an  additional  axial  functional  dependence  is 
considered  for  "problem  2" 


"l(rzrt  =  {“<'■> 

wj  '  '  |vv(r)  sin(^.z)J 

cos(A^z)' 

^90  ,  .  cos(A^z) 

>{r,z,t)  =  i  _  ye 

^zz  ^zz(f')  COS(A^z) 

^rz)  sin(A^z)  ^ 


that  satisfies  the  following  boundary  conditions  at  r  =  and  = 

(^rr(rp,Z,t)  =  0 

T^^irp,z,t)  =  p^(t)[H{z-zJ-H{z-Zb)]  (I7b) 

(J^(r^,Z,t)  =T^^{r^,z,t)  =0 

p^{t)  is  a  time  dependent  uniform  axial  traction  acting  on  the  inner  cylindrical 
boundary  in  the  interval  ^  Z  ^  .  The  Z  dependence  in  (18a)  yields 

W  =  T^^=0  at  the  cylinder  ends  Z  =  0,l.  In  the  analysis  to  follow,  superscripts  (1) 

and  (2)  will  denote  radial  and  axial  problems  respectively.  Derivations  for 
problem  (2)  follow  the  same  steps  as  those  for  problem  (1)  and  are  omitted  here 

for  shortness.  Although  conditions  at  the  boundaries  Z  =  0,  /  of  each  problems  are 
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different,  they  do  not  affect  the  transient  response  at  times  preceding  reflection 
of  waves  from  these  boundaries . 

Divide  the  cylindrical  surface  |r  =  <  Z  ^  |  into  n  +  \  equidistant  ring 

stations  with  increment  Az^ 

Zp  ^2’  ^3’ . ’  -Zi_,=AZp  =  const 

(18) 

Zi=z,+il-l)AZp 

Assume  a  uniform  pressure  of  unit  intensity  to  act  over  each  ring  segment  Zi_i  Zi  . 

The  elasto-dynamic  solution  to  the  ring  pressure  segment  is  outlined  below. 

For  each  pressure  segment,  expand  each  dependent  variable  in  terms  of 

eigenfunctions  that  satisfy  homogeneous  boundary  conditions.  Express  total 
displacement  U^(r,Z^O  a  superposition  of  two  terms 

(r,  z;  0  =  (r,  z)  4  (0  +  (r,  z;  0  (19) 

U^^’^\r,z)  is  static  displacement  vector  satisfying  (2a)  when  time  derivative 
vanishes  (Appendix  A),  Is  dynamic  displacement  vector  satisfying  the 

dynamic  equation  of  motion  (2a) ,  and  fpO)  is  time  dependence  of  the  forcing 
pressure.  For  each  axial  wave  number  m,  express  U.^^f\r,Z,t)  in  the  eigenfunctions 
(Appendix  B) 

Kfir.z.l)  =  120) 

j  m 

is  a  generalized  coordinate  of  the  4^  eigenfunction  with  m  axial  half 

1  fji 

waves  from  the  /C  pressure  segment.  Substituting  (19)  and  (20)  in  (2a)  and 
enforcing  orthogonality  of  ^^f\r,z)  yields  uncoupled  equations  in  .  For  an 

In  J  In  J  K 

undamped  elastic  cylinder  the  equation  governing  is 
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dt 


2 


(1,2) 


h 


dz  r  dr 

0  0 

<5,  =  j  J  z)  •  (r.z)dzr  dr 


0  0 


(21a) 


(21b) 


CO^j  is  the  resonant  frequency.  The  solution  to  (21a)  takes  the  form 


a 


(1,2) 
m  jk 


CO 


mj 


|sincy„/?-T)/ii(T)  dr 


0 


(22) 


Evaluating  radial  and  axial  displacements  uAr^Z\t)  for  problem  (1)  and  wAr^Z\t) 


for  problem  (2)  from  the  pressure  segment  at  each  central  point  =  (Z/ +  Z/_i) / 2 

of  a  pressure  segment  yields  coefficients  of  the  influence  matrices 

=  X S (0  (rp ,Z,t)  +  ufl {Vp , )  fp it) 

7  m 

(23) 


^mjk 


^ik  (0 = X  S  (^)  +  kf  (^p ,  Zc/ )  fp  (0 

j  tn 

(^p’-^c/)  ,  modal  and  static  displacement 


7  th 

dyads  at  Z^/  from  the  K  pressure  segment  in  problems  (1)  and  (2)  respectively.  In 

(21)  and  (23)  fpO)  is  a  first  approximation  to  the  time  dependence  of  the  applied 

pressure.  One  approximation  is  determined  from  the  plane-strain  state  when  axial 
length  of  cylinder  and  footprint  approaches  infinity  (Appendix  C) .  Enforcing  the 

condition  of  prescribed  displacements  Up\t)  and  W^p\t)  at  each  time  step  yields  a 


set  of  simultaneous  equations  in  the  weights 


Pk^  and 
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(24) 

k=l 

An  approximation  to  /^(O  is  found  from  the  plane-strain  problem  of  the  infinite 

length  cylinder  with  prescribed  radial  displacement  at  the  inner  boundary 
(Appendix  C) . 

In  what  follows,  superscripts  (1,2)  are  dropped  for  shortness.  For  an 
elastic  material,  eigenvalues  and  resonant  frequencies  are  synonymous.  In  this 


case,  the  eigenvalues  appear  in  pairs  CO^j  and  •  Consequently  equation  (22a) 

takes  the  form 


^  d  . 

- 10) 

ydt 


Yd  . 

)\dt 


a. 


,jk(0  =  Yjk(0 


(25a) 


f m  jk  (t)  = 

^ am  jk  fY)IN^. 

I  t 

^ am  jk  -U  (r,  z)  •  (x,  z)  r  dr  dz 


Or, 

I  t 


=11  rdrdz 


0  r„ 


(25b) 


2b.  Visco-elastic  analysis 

For  a  visco-elastic  material,  CO^j  and  in  (25)  are  both  complex 


0)  =  0)  „  .  +10)  , 

m  j  mR  j  ml  j 


I  t 

=  |j  ^mY,z)^^lj{r,z)  rdrdz 


0  r„ 


(26a) 


(26b) 
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0^^.(r,z)  is  the  complex  conjugate  of  the  eigenfunction.  Unlike  the  elastic  case 
where  for  each  eigenfunction  the  eigenvalue  pair  is  +60^.  and  in  the  visco- 

elastic  case  the  pair  is  and  ~^rnj  ^here  ()  stands  for  complex  conjugate. 

This  means  that  COimj  -  ^Rmj  ^ ^imj  ^2mj  ~  ~^Rmj  ^ ^ imj  •  reason  COj^j  retains 

the  same  sign  for  both  solutions  is  that  ^  measure  of  damping  which 

reduces  amplitude  whether  the  real  part  is  or  •  Consequently  equation 

(21a)  takes  the  form 


d 


- ICO^ 

\dt 


A  dt 


d  .  * 

- h  ICO^ 


^n,jkit)  =  f mi  At) 


mjk 


d  ^  .  d 

— --\-i(co  -CO  ) - \-co  CO 

dA  dt 


(27) 


amjAt)  =  LiAt) 


mjk^ 


Noting  that  iiojA  - (O^j)  =  and  =  OJ^j  +  CO^j  f  <27)  simplifies  to 

d"  d 


- -  ^COj  ■ - h  COd  ■  A~  COt 

,.2  Imj  ,  ^Rmj  ^Imj 


dt 


dt 


amjAt)  =  fmj  At) 


(28) 


Clearly,  ^imj  acts  as  a  velocity  proportional  viscous  damper.  Rewriting  (28)  in 
standard  form: 


^  +  0)1 .  (t)  -  A  ik  (t) 


d"_  2r  -  f 

0) 


r  -ZLuL  .  -  -  [ 

^  mi  —  ’  j  v  ^ 

co^ ,  ^ 


2  2 

'X  /  COn  ■  A~  COt 

tnj  ^  Rmj  Imj 


(29) 


yields  a  solution  in  terms  of  a  Duhamel  integral: 

^mjk(t)  =  sin®„  (7 -t)  AjAO  dr 

CO  ^ 


mjO 


CO  =  CO 

mj  m  J 


^/V 


2 

mj 


(30) 
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The  general  constitutive  law  for  a  linear  viscoelastic  material  takes  the 
form  (see  Fung  (1965) ,  pp  416-418) 


Vr  =  E  Vr  T  =T  =l 


(31) 


n=0 


df  °  df 

^cjn^^sn  constants  and  is  a  modulus.  For  a  sinusoidal  time  dependence,  (31) 

assumes  the  form  of  a  Fade  series 

a=/3,{N„N,-a,)E,s 


(32) 


n=0 


n=0 


is  a  complex  valued  function  of  CO.  The  simplest  linear  visco-elastic 
solid  limits  and  to  1  reducing  (32)  to 

(i+ni*®) 


(T  = 


(i+m*®) 


E^e  =  E^s 


(33) 


For  the  constitutive  law  in  (33),  approximations  to  COj^  and  COj  in  (26a)  are 


~  I Pr  (1’  1;  j|  ’  ~  ( pr  (1’  1;  )) 

|y0h(l,l;(»j|+/lm(;0h(l,l;®j)' 


=(Oro+^(^Io 


(34) 


CO  is  the  eigenf requency  of  the  linear  elastic  problem. 


3 .  Results 

in  all  results  to  follow,  geometric  and  material  properties  of  the  cylinder 
are  listed  in  Table  1.  Fig.  l(al)  plots  the  static  deformed  generator  from  a  unit 
radial  displacement  prescribed  at  the  footprint 

l^so(fp’Z)=H(z-zJ-H(z-Zh)  (35a) 
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In  (35a)  Z^=1.5"  and  Z^=2.5".  The  resulting  normalized  distribution 

plotted  in  Fig.  l(bl)  shows  a  rise  near  and  of  1 . 5  times  its  magnitude  at 

the  plateau.  Fig.  I(a2,b2)  plot  static  deformed  generator  and  normalized 
distribution  for  a  unit  axial  displacement  prescribed  at  the  footprint 
w,,{r^,z)  =  H{z-zJ-H{z-Zh)  (35b) 

In  this  case,  (7^^^  rises  near  Z^  and  to  1.7  times  its  magnitude  at  the  plateau. 

Fig.  2(a,b)  plots  resonant  frequency  Q  in  Hertz  versus  Jfl  with  as 

parameter  for  the  two  problems.  The  two  spectra  are  almost  identical  for  all  m 
and  . 

In  Eg.  (23),  influence  coefficients  U and  require  an  approximation  to 

the  time  dependence  of  the  forcing  pressure  fpit)  •  One  approximation  is  determined 

from  the  plane-strain  state  when  axial  length  of  cylinder  and  footprint  approaches 
infinity  (Appendix  C) .  Fig.  3 (a-d)  plot  histories  of  the  plane-strain  problem  when 

a  constant  velocity  U^=330  m/s  is  prescribed  at  r  =  .  There,  U  history  shown  as 
solid  line  in  Fig.  3(a)  reproduces  the  prescribed  profile.  At  r  =  2r^  and 

r  =  4r^,  u  h  istories  exhibit  the  time-delay  in  wave  front  from  propagation  with 

finite  speed  .  The  closeness  in  magnitude  of  peak  ,  <7^^  and  (7^  (Fig. 

3(b,c,d))  implies  a  hydrodynamic  state  of  stress.  Geometric  stress  attenuation 

-1/2 

along  r  is  proportional  to  r 

The  plane-strain  history  in  Fig.  3(b)  serves  as  the  approximation  to 

4(0  in  the  3-D  axisymmetric  model  as  it  is  the  limit  when  projectile  and 
cylinder  lengths  are  the  same.  Fig.  4(al-dl)  plots  histories  from  the  prescribed 
uniform  pressure  profile  the  center  of  the  footprint  Z  =  2"  .  The  U 
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history  in  Fig.  4(al)  does  not  follow  the  prescribed  profile  because  applied 
pressure  is  uniform  over  the  footprint.  Applying  the  influence  method  of  Section  2 
yields  the  histories  in  Fig.  4(a2-d2)  .  The  history  in  Fig.  4(a2)  matches  the 

prescribed  profile.  At  the  footprint,  except  for  the  higher  stress  peaks, 
results  from  prescribed  velocity  agree  with  those  from  the  prescribed  plane-strain 
pressure  profile  fpO)  •  r  >  ,  results  from  the  two  forcing  methods  coincide 

implying  that  the  plane-strain  pressure  profile  is  a  good  approximation  to  the 
actual  profile  determined  by  the  influence  method.  Geometric  stress  attenuation 

-3/4 

along  r  is  proportional  to  r  .  Fig.  5 (a-d)  plots  histones  from  prescribed 

velocity  remote  from  the  footprint  at  Z  =  2.6"  .  There,  peak  normal  stresses  are  1/5 
those  under  the  footprint  (see  Fig.  4(b2,c2,d2)) .  This  steep  drop  in  stress  across 
the  edges  of  the  footprint  is  caused  by  the  low  shear  rigidity  of  the  material 

consistent  with  the  ratio  C^lc^  =-1/5  from  Table  I . 

Fig.  6  plots  instantaneous  distributions  for  l^s  <t^<  XlfAS  in 

intervals  of  2jUS  .  For  t^=2,fXS,  the  distribution  is  parabolic  with  a  maximum  at 
the  center  of  the  footprint.  As  time  increases,  the  distribution  becomes  flatter 
then  develops  peaks  near  and  resembling  the  static  case  in  Fig.  l(bl) .  The 

step-like  shape  of  the  distribution  is  an  artifact  of  the  finite  number  of 
pressure  ring  segments  dividing  the  footprint.  In  Fig.  6,  the  8  steps  correspond 
to  8  ring  segments.  The  distribution  becomes  smoother  as  number  of  ring  segments 
increases . 

For  an  axial  prescribed  velocity  at  ^  =  ^p  along  ^  Z  ^  a  the  approximation 
to  fpit)  is  determined  from  the  solution  of  the  pure-shear  problem  of  an  infinite 
cylinder  with  axial  velocity  prescribed  at  ^  —  ^p  derived  in  Appendix  D.  Figure 
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7(a,b)  plots  histories  of  W  and  for  the  case  of  pure  shear.  Since  C^/ 0^=1/ 5, 

the  time  range  in  these  histories  is  extended  to  40  jUS  to  allow  for  the  longer 

arrival  time  at  stations  remote  from  the  footprint.  The  profile  in  Fig.  7(b)  is 

then  used  as  an  approximation  fpit)  in  computing  histories  with  prescribed 
velocity . 

Fig.  8(al,bl)  plots  histories  at  the  center  of  the  footprint  Z =  2"  from  a 
uniform  ~  Prescribed  over  the  footprint.  Fig.  8(al)  shows  that  d^W 

is  the  same  as  prescribed  velocity  17^=330  ft/s  till  t  =  l0lUS  ,  then  diminishes  to 
200  ft/s  near  t  =  40jUS  .  On  the  other  hand  for  prescribed  velocity,  d^W  in  Fig. 

8(b2)  is  constant  for  all  times  and  equals  .  Magnitude  of  in  Fig.  8(b2)  is 

higher  than  that  in  Fig.  8(bl)  by  approximately  a  factor  of  1.3. 

Remote  from  the  footprint  at  Z  =  2.6",  histories  with  prescribed  pressure 
(Fig.  9(al-dl))  are  compared  to  those  with  prescribed  velocity  (Fig.  9(a2-d2)).  In 
Fig.  9(al-dl)  all  variables  are  approximately  half  the  corresponding  variables  in 

Fig.  9(a2-d2)  .  Fig.  10  plots  distribution  along  the  footprint.  For  t^<  lOps, 

distribution  is  uniform.  As  time  increases,  rises  steeply  near  the  edges 

of  the  footprint  reaching  a  value  double  its  value  at  the  center  at  «  40^5  . 


4  Conclusion 

Wave  propagation  in  a  hollow  cylinder  is  analyzed  for  pressure  and  velocity 
prescribed  at  its  inner  boundary.  The  difficulty  arising  from  the  mixed  boundary 
conditions  is  overcome  by  the  influence  coefficient  method.  An  approximation  to 
the  prescribed  pressure  profile  needed  in  this  method  is  determined  from  the 
plane-strain  solution.  Noteworthy  results  are 
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1)  The  stress  state  close  to  impact  is  almost  hydrodynamic. 

2)  Results  from  prescribed  radial  velocity  agree  with  those  from  prescribed 
uniform  pressure  determined  from  the  plane-strain  model. 

-1/2 

3)  in  the  plane-strain  model,  stress  attenuation  along  r  follows  r  while  in 

-3/4 

the  3-D  axisymmetric  model  it  follows  r 

4)  For  prescribed  radial  velocity,  the  instantaneous  distribution  is 

parabolic  soon  after  impact,  and  approaches  the  static  distribution  for 
large  times . 

5)  Near  the  center  of  the  footprint,  results  from  prescribed  axial  velocity 
agree  with  those  from  prescribed  uniform  shear  stress  determined  from  the 
pure-shear  model.  However,  near  the  edges  of  the  footprint,  stresses  from 
prescribed  pressure  are  half  of  those  from  prescribed  velocity  because  in 

the  later  rises  near  the  edges  by  the  same  factor. 


Appendix  A.  Static  problem 

in  what  follows,  all  dependent  variables  pertaining  to  the  static  solution 
will  be  subscripted  by  S  .  The  static  axisymmetric  equations  in  terms  of 
displacements  are 

((/l  +  2^)Vf +  (A  +  ^)a^w^=0 

+ lj.)d^{d^+ll  r)u^  +  (/iVo +(2  +  2/i)5^  =0  (ai) 

v^  =  a,,+i/ra,-F/H ,  n=0,\ 


Equations  (Al)  decouple  to 

//(A  +  2//)^Vf +  5^  j  Mj=0 
^(A  +  2//)^Vo +  5^  j  Wj=0 


(A2) 
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For  the  radial  traction  problem  satisfying  (7^^=0  at  Z  =  (0,/),  separation  of 
variables  follows  Eq.  (11)  in  the  text.  Summing  over  all  yields 

M 

=  (A3a) 

m-\ 

M 

Wsir,z)  =  J]w^,ir)cos(k^z)  ,  k^=mn:ll  (A3b) 

m=l 

Substituting  (A3)  in  (A2)  produces  uncoupled  equations  in  r  for  each 

(vr-*ip„w=o 

2  (A4) 

w,Jr)=0 

In  what  follows,  subscript  m  will  be  dropped  for  shortness.  Equations  (A4)  admit 
the  solutions 

M^(r)  =  q  /i(tr)  +  C2  q(tr) 

+  C^{kj  I^ikzr)  -  I^(kj))  -  C^{k^r  K^{kj)+ K^ik^r)) 

q(r)  =  q  I  oik/)  -  q  Koik/) 

+  q(ai/o(qr)  +  kj  I^ik/))  +  C^[-a^Koikj)  +  kj  K^ik/))  (A5b) 

=  (A  +  3/y)/(A  +  //)  ,  a2=?iliX  +  iJ) 

Substituting  (A5a,b)  in  the  constitutive  relations  (14)  and  (15a)  of  the  text 
yields 

q„(r)  =  2//q(q(/o(qr)-/j(qr)/(qr))-q(/^o(qr)+q(qr)/(qr))) 

+  2lxk^C^[-a2loik/)  +  {\.  +  ik/f^I^ik/)lik/)^  (A6a) 

+ 2^  qq  (  a,Ko ik/) + (1 + ik/f )  q  (q r)  qqr)) 

=  2^  q  (q/^(qr)/(qr) + qq(qr)/(qr)) 

+  2^qq(  (l-a2)/o0'qr)-/j(qr)/(qr))  (A6b) 

+  2fj.  k^C^  {-il-a^)Koik/)  -  q  (qr)/(qr)) 
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^zzs(r)=  2fik^{-CJ^ik^r)  +  C^K^(kj)) 

+  2/uk^C^(^-(a^+a2)  loik^r)  -kjl^ik^r)^  (a6c) 

+  2[^k^C^[  {a^+a2)K^^{kJ)  -  kjK^{kj)) 

fr.ir)  =  2^ik^{CMKr)  +  C2K,{kj)) 

+  2^^^C3(  k^r  loik^r)  +  (l-a2)/i(^,r))  (A6d) 

+  2juk^C4{-kjKQ(k^r)  +  {l-a2)K^(kj)) 

Tractions  at  the  inner  and  outer  surfaces  of  the  tube  are  expressed  as 

(rp  ,z)  =  Pr{H{z-zJ-H{z-z,)) 

(A7a) 

r^Jr^,z)  =0 

=  =0  (A7b) 


is  a  uniform  radial  traction  prescribed  at  ^  in  the  interval  ^  Z  ^  . 

Substituting  (A6a)  and  (A6d)  in  (A7a)  and  (A7b)  and  enforcing  orthogonality  of 
sin(A:^z)  and  COS(A:^z)  produces  M  (4  X 4)  uncoupled  matrix  equations  in  the 

coefficients  Cj^,k  =1,4 


M  C  =f 

cm  m  m 

Coefficients  of  are  the  radial  functions  multiplying 

evaluated  at  ^  =  ^p  and  r  =  ,  and  is  a  vector  defined  by 

Am  =  -^Pr  (cos(^^„  z,)-cos{k^  zj)l{kj) 

flm  =  fsm  =  f Am 


(A8) 

in  (A6a)  and  (A6d) 


(A9) 


For  the  axial  traction  problem  satisfying  vanishing  shear  stress  T^^^=0  at 
z  =  (0,l),  the  expansion  in  (A3)  becomes 
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m-\ 

M 

(r,  z)  =  E  sin(^^„z)  ,  k^=m7r/l 


(AlO) 


m=l 


The  boundary  conditions  are 

(^rrs(rp,Z)=0 

^rjrp,z)=p^  {H{z-Z,)-H{z-Z,)) 


(A7a) 


(A7b) 


is  a  uniform  axial  traction  applied  at  ^  in  the  interval  ^  Z  ^  . 

Expressions  for  displacements  and  stresses  resemble  those  of  the  radial  problem 
and  are  omitted  here  for  shortness. 


Appendix  B .  Modal  analysis 

The  dynamic  solution  U^(r,Z,0  satisfies  the  homogeneous  boundary  conditions 

cr^,(r  z,0  =  0,  r  (r  z,0  =0 

(Bl) 

o-^,(r„,z,0  =0  ,  T^yr„,z,0  =0 

Substituting  (16a)  and  (16d)  in  (Bl)  yields  the  matrix  equation 

M^C  =  0  (B2) 

is  a  4X4  square  matrix,  C  =  C2, C3, C4}  is  the  vector  of  unknown 

coefficients  and 

M^21  =-2MAt(t'‘p) 
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^el2’  ^ eU'  ^e22’  ^e24  have  the  same  form  as  ^ell’  ^el3’  ^e21’  ^e23  with  replaced 
by  .  Similarly,  ^=1,4  have  the  same  form  as  ^“194,  with 

replaced  by  .  From  the  definitions  of  and  in  (12),  k^  is  imaginary  when 

CD<k^C^,  ,  and  k^  Is  imaginary  when  CO<k^C^,  ^  JU  /  p  .  Below 

these  cut-off  frequencies,  and  are  replaced  by  and  with  appropriate 

changes  in  sign.  For  each  m  in  ,  a  non-trivial  solution  to  (B2)  yields  the 
implicit  eigenvalue  problem 

det\M^J=Q  =>  (b4) 


is  the  eigen-dyad  corresponding  to  the  m  axial  wave-number. 


Appendix  C.  Plane-strain  problem 

The  radial  plane-strain  problem  is  that  of  an  infinite  hollow  cylinder  where 
=W  =  d^  =0  .  The  dynamic  equation  in  U  then  reduces  to 

VfM  =  l/c"5„M  ,  r^<r<r^ 

\/l^d„  +  \lr  d^-\lr\  cl=EJp  (Cl) 

r,  =r(i-v)/((i+v)(i-2v)) 

The  boundary  conditions  are 

u(r^,t)  =  fp(t)  ,  C7^^(r^,t)  =  0  (C2) 


fpit)  is  the  time  dependent  displacement  profile  prescribed  at  r  =  .  The 

constitutive  law  takes  the  form 


(J..  =ASy+2p S-I  ,  ii  -^rr,ee,zz 


~  ^rr  ^ee 


(C3a) 


-212- 


ATK  Mission  Research 


W81XWH-04-C-0084 


Orr  =  [d^u  +  v l{\-v)  u! r) 

cTgg  =  ( w/r +  v/(l-v)  )  (C3b) 

CT^=  E^[u/r  +  d^u  )v/(l-v) 

Express  u{r,t)  as  a  superposition  of  a  static  and  a  dynamic  solution 

u{r,t)  =  u^{r)  fp{t)  +  u^{r,t)  (C4) 

is  the  static  solution  satisfying  the  inhomogeneous  boundary  conditions 


u^(r^)  =  l,  a^jrj  =  0 


(C5) 


is  the  dynamic  solution  satisfying  the  homogeneous  form  of  boundary 
conditions  (C2)  .  Expand  in  the  eigenfunctions  (p of  (Cl) 

Ud{r,t)  =  ^aj{t)  (p.{r) 

j  (C6) 


(p.{r)  =  7i r)  +  Cj  Fi (k^ .  r)  ,  =  -J^ {k^ r  ) / (k^  r  ) 


Substituting  (C6)  in  the  homogeneous  form  of  (C2)  yields  the  dispersion  relation 

C^ii  ^22  -OCi2  ^21  “  ^ 

(Cl) 

a^^=(X  +  2lx)k^.J[{k^.rJ  +  ?iJ,{k^.rJlr^ 

«22  =  (A  +  2^)  k^j  Y^k^.  rj  +  A  .  rj/r^ 

(  )^  stands  for  derivative  with  respect  to  the  argument.  (C7)  determines  the  wave 
numbers  k^.  .  The  static  solution  to  =0  is 

u^{r)  =  Ar  +  B/r 

/  \-i  /  \  08) 

^  =  rp(r^+U  +  fi)rc(M)  ,  B  =  r^(l-Ar^) 

The  constitutive  law  is  given  by  (C3b) .  Substituting  (C6)  and  (C8)  in  (C4)  and 
enforcing  orthogonality  of  cpjif')  yields 


-213- 


ATK  Mission  Research 


W81XWH-04-C-0084 


^jj  =  I  ^  ^aj  =  I  (^)  (pj  (f)  r dr  ,  cOj  =  Q  k^j 


(C9) 


(')  stands  for  time  derivative.  The  integrals  in  Njj  and  N^j  are  evaluated 
analytically  in  terms  of  and  for  /2  =  0,1,2. 

For  the  radial  plane-stress  problem,  (j  =w  =  d  =0  yielding  the  equation 


v>=i/da„M  ,  vf  =a^^  +  i/ra^-i/F 
d  =r/(p(l-vt),  r^^r<r^ 


(CIO) 


(CIO)  has  the  same  form  as  (Cl)  but  with  a  lower  speed  of  propagation  since 
/c^  =  (1  -  /  (1  -  v)  is  small  when  V  is  close  to  1/2.  The  constitutive  law 

simplifies  to 

a^^=E^{d^u  +  vul r)  ,  =  E^[u I r +  v  d^u) 

(7^=0,  r,=r/(i-v0 


(Cll) 


If  prescribed  displacement  at  ^  is  the  same  for  both  plane  stress  and  plane 

strain,  then  strains  are  approximately  the  same.  It  follows  that  stresses  in  (Cll) 

\2 


are 


smaller  than  those  in  (C3b)  by  a  factor  of  •  in  the  present 

application,  if  material  of  the  cylinder  fails  radially  within  the  footprint 
^  Z  ^  Zjj  ,  then  the  approximate  state  of  plane-strain  changes  to  that  of  plane- 
stress  reducing  transmitted  pressure  substantially. 

Pure  shear  problem 

For  the  pure  shear  problem,  (j  =  <J„„  =  (j  =  u  =0  yielding  the  equation 


V>  =  l/c;0,>  ,  Yl=d„+llrd, 

d  =  £/(2p(H-v)),  r^<r<r„ 


(Dla) 
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w(rp,t)  =  fp{t)  ,  T^^{r^,t)  =  0  (Dlb) 

T^^(r,t)  =  E/[20-  +  v))  d^w(r,t)  (Die) 

Express  W  as  a  superposition  of  a  static  and  a  dynamic  solution 

w(r,t)  =  w^(r)  fp(t)  +  Wj(r,t)  (D2a) 

V^w,=0,  >v,(rp  =  l,  r,^(rj  =  0  (D2b) 

’  Wd(rp,t)=0  ,  T^^(r^,t)=0  (D2c) 


Since  (D2b)  admits  a  rigid  body  motion,  a  body-force  is  subtracted  from  (D2b) 

so  as  to  equilibrate  the  external  shear  traction  and  is  added  to  (D2c)  to 

cancel  its  effect.  This  yields 

(D3) 

Vlw,=\lc]dlw,+b,f^{t) 


The  solution  to  satisfying  the  boundary  conditions  (D2b)  is 

w,(r)  =  (2r;lnr-r^)/(2r;inr^-rl) 

(l  +  v)(2cln(r,)-r;). 
b,=2l(r;lnr^-rll2) 

Expand  in  terms  of  its  eigenfunctions  (p 

Wd{r,t)  =  Y^a.{t)(p.{r) 

j 

(pj{r)  =  J^{k^.r)-[j^{k^.  r^)IY^{k^.  r^))Y^{K.  r) 


(D4) 


(D5) 


Substituting  (D2a)  in  (Dla)  using  (D3)  and  (D5)  and  enforcing  the  orthogonality  of 
(p j{r)  produces  uncoupled  equations  in  Clj{t) 
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dfi)  +  (0  =  iV„ )//')-  (W.;  / N„  )c;  b,  /, (,) 


(')  is  time  derivative  and  CO j  are  roots  of  the  dispersion  relation 

Jo(KiOYo(k  rJ-J'oik.rJYoik.r)  =  0,  k  =0).lc^  (D7) 


(  )^  is  derivative  with  respect  to  the  argument. 
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E  (Iblin^) 

4.5  xlO" 

p  (lb  / in^ ) 

8.7  X 10' 

V 

0.48 

1  (in) 

4 

rp  (in) 

0.25 

(in) 

3 

(in/s) 

6.74  xlO" 

Cj  (in/s) 

1.322  xlO" 

Table  I.  Cylinder  properties 
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Summary 

Previous  work  (to  appear  in  International  J.  of  Solids  &  Structures,  2005) 
on  transient  response  of  a  hollow  cylinder  to  time  dependent  radial  motion  is 
extended  to  include  motion  of  the  excitation  along  the  axis  of  the  cylinder. 
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1 .  Introduction 

When  a  projectile  penetrates  into  human  tissue,  it  moves  material  by 
replacing  it  with  its  own  volume.  When  the  material  fails,  it  acts  more  like  a 
fluid,  lessening  the  amount  of  material  being  compressed.  In  the  radial  direction 
material  is  compressed  by  an  expanding  cross-section  of  the  projectile's  smoothly 
curved  nose.  As  long  as  the  projectile's  speed  is  much  smaller  than  the  speed  of 
stress  waves  in  the  material,  the  moving  projectile  can  be  approximated  by  radial 
and  axial  velocities  prescribed  along  its  boundary  [1] .  For  a  projectile  speed  of 
300  ft/s  and  a  dilatational  speed  in  tissue  material  of  5600  ft/s,  this 
approximation  is  valid.  However,  for  projectile  speed  in  excess  of  1000  ft/s, 
projectile  motion  must  be  considered  in  the  analysis. 

The  forcing  function  is  a  radial  motion  prescribed  over  part  of  the  inner 
cylindrical  boundary  while  the  remainder  part  of  the  boundary  is  traction-free. 
This  leads  to  a  mixed  boundary  value  problem  whose  solution  is  briefly  outlined 
for  completeness  while  details  may  be  found  in  Ref.  [1] .  In  order  to  convert  the 
segment  of  boundary  where  motion  is  prescribed  to  one  where  traction  is 
prescribed,  response  from  a  set  of  unit  ring  tractions  with  time  dependent  weight 
is  superimposed.  These  weights  are  updated  at  each  time  step  using  the  condition 
that  the  combined  displacement  response  at  the  center  of  each  ring  equals  the 
prescribed  instantaneous  displacement.  In  this  way,  the  forcing  function  is 
converted  to  pure  traction  with  time  varying  spatial  dependence. 

2 .  Analysis 

A  brief  outline  of  the  principal  points  of  the  analysis  follows  in  order  to 
clarify  how  the  time-delayed  forcing  function  along  the  cylinder' s  axis  is 
included  in  the  algorithm.  In  cylindrical  coordinates,  the  axisymmetric 
elastodynamic  equations  are 


yUV^u  +  (A  +  ^)V(V*u)  =  pd„\x 
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V  =[\l r  r)e^  +(5^)e^ 

(r,z)  are  radial  and  axial  independent  variables,  U  =  |M,wj'  is  displacement  vector 

along  these  directions,  (A,/i)  are  Lame  constants,  p  is  mass  density  and  t  is 

time.  For  harmonic  motions  in  time  and  simply  supported  boundaries  at  (0,/)  the 
solution  is 

u{r,z)  =  [-t  (g  +  Kth)  +  t  (Q  +  C4  Fi(^/))]cos(^^z) 
w(r,z)  (Cl  jQ{kj)  +  C^  Fo(^/))+  k^  (C3  /o(^/)  +  C4Fo(^/))]sm(^^z) 

with  constitutive  relations 

=/IA  +  2/i5^m  ,  agg  =  2.A  +  2^u/ r 

<7^=  XA  +  lj^d^w,  i^{d^u  +  d^w)  (3) 

A  =  d^u+u/  r  +  d^w 

k^=m7tll.  Boundary  conditions  at  f  =  fp  and  f  =  are 

(7^(r^,Z,t)  =  p,(t)[H{z-zJ-H{z-Zg)] 

T^irp,z,t)  =0  (4) 

<J„(r^,Z,t)  =T^^{r^,z,t)  =0 

Prit)  is  a  time  dependent  uniform  radial  traction  acting  on  the  inner  cylindrical 
boundary  r  =  in  the  interval  ^  Z  ^  . 

Divide  the  cylindrical  surface  |r  =  r^,  Z^^Z^Z^j  into  n  +  \  equidistant  ring 
stations  with  constant  increment  Az^ 

Zi,  z,,...,  z„^i  ,  Z,  =Zi+(/-l)AZi,,  (z„ -Zi)/n  =  AZp  (5) 

Assume  a  uniform  pressure  of  unit  intensity  to  act  over  each  ring  segment  Zi_i  Zi  . 

1  fji 

The  elasto-dynamic  solution  to  the  K  ring  pressure  segment  is  outlined  below. 
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For  each  pressure  segment,  expand  each  dependent  variable  in  terms  of 
eigenfunctions  that  satisfy  homogeneous  boundary  conditions.  Express  total 

displacement  U^(r,Z^O  a  superposition  of  two  terms 

ugr, z; 0  =  (r,z)  f pit)  +  Uj^(r,z;t)  (6) 

u,gr,z)  is  static  displacement  vector  satisfying  (1)  when  time  derivative 
vanishes,  is  dynamic  displacement  vector  satisfying  the  dynamic  equation 

of  motion  (1),  and  fpit)  is  time  dependence  of  the  forcing  pressure.  For  each  axial 
wave  number  m,  express  U^^(r,Z,0  i^  the  eigenfunctions  0^^.(r,z) 

^dkir,Z,t)  =  Y,Tj^mjk(0  ^„,j(r,z)  (7) 

j  tn 

is  a  generalized  coordinate  of  the  eigenfunction  with  TYl  axial  half 

waves  from  the  pressure  segment.  Substituting  (6)  and  (7)  in  (1)  and  enforcing 

orthogonality  of  yields  uncoupled  equations  in  Evaluating  radial 

and  axial  displacements  and  W^{r,Z\t)  from  the  pressure  segment  at  each 

central  point  / 2  of  a  pressure  segment  yields  coefficients  of  the 

influence  matrices 

^ik  (7  =  Z Z ^mjk (0  Kjk (r-p ,z,i)  +  M,, (rp , z„ )  f pit)  ( 8 ) 

j  m 

and  modal  and  static  displacement  dyads  at  Z^/  from  the  k^^ 

pressure  segment.  Since  fpit)  is  arbitrary,  it  was  found  from  numerical 
experiments  that  a  simple  ramp  is  appropriate 

fp(t)  =  {t/At,)[H{t)-H{t-At,)]  +  Hit- At,)  (9) 
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where  A?j  is  rise  time  of  the  first  line  segment  in  the  prescribed  acceleration 
profile  shown  in  Fig.  2(c) .  Enforcing  the  condition  of  prescribed  displacement 
Up{t^  at  each  time  step  yields  a  set  of  simultaneous  equations  in  the  weights 


n 

p,^{t)  =  Up{t)  ,  l  =  \,n  (10) 

k=\ 

In  the  case  of  time-delayed  prescribed  displacement  where  the  projectile 
moves  axially  varying  length  of  the  footprint  instantaneously,  depends  not  only 

on  time  t  but  also  on  axial  coordinate  Z  in  the  form 

/gf),  i  =  [t-ziv^)H[t-ziv^)  (11) 

is  projectile  speed  and  H{^  —  zIV^^  is  the  Heaviside  function.  The  significance 

of  (11)  is  that  at  some  station  Z,  fp  acts  only  when  t^zIVp  otherwise  it 
vanishes  thus  the  term  "time-delayed" . 

3 .  Results 

In  all  results  to  follow,  geometric  and  material  properties  of  the  cylinder 
are  listed  in  Table  I.  The  footprint  extends  from  Z^=0.1"  to  Z^=1.6".  The 

properties  in  Table  I  yield  extensional  and  shear  wave  speeds  and  5610  ft/s 
and  1115  ft/s  and  the  ratio  C^lc^—5. 

Fig.  1  plots  prescribed  radial  motions  at  the  cylinder's  inner  boundary  from 
a  cylindrical  projectile  with  a  spherical  nose  0.25"  in  radius  and  V^=1000  ft/s. 

For  a  moving  projectile,  prescribed  motion  starts  at  one  end  of  the  cylinder  and 
moves  inward  into  the  cylinder  with  the  speed  of  the  projectile  as  shown  in  Fig.  2 

for  three  different  projectile  axial  positions  Z  =  0,  5Az^  ,  lOAz^  . 
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Since  the  plane-strain  cylinder  is  the  simplest  example,  it  is  presented 
first  for  comparison  with  the  finite  length  cases.  Fig.  3  (a-e)  plots  histories  of 
the  plane-strain  cylinder  for  the  prescribed  motion  in  Fig.  2  at  three  radial 

stations  r  =  2r^,  4r^  .  At  r  =  (Fig.  3(a)),  U  follows  the  prescribed  displacement 

in  Fig.  2(a),  and  du I dt  (Fig.  3(b))  follows  prescribed  velocity  in  Fig.  2(b).  The 
first  reflection  from  the  outer  boundary  ^  happens  at  t «  SO/ds  as  evidenced  by 

the  sudden  rise  in  histories  there.  At  r  =  2r^  and  r  =  4r^  ,  U  histories  exhibit  the 
time-delay  in  wave  front  from  propagation  with  finite  speed  .  Soon  after  motion 

starts,  the  closeness  in  magnitude  of  peak  ,  Gqq  and  (7^  (Fig.  3(c,d,e)) 
implies  a  hydrodynamic  state  of  stress.  Note  the  sharp  rise  in  stress  history  at 
t »  SOjus  when  the  first  reflection  from  ^  is  felt  at  the  corresponding  Z  . 

Fig.  4  plots  histories  from  prescribed  motion  uniform  over  the  footprint  at 
three  different  axial  stations;  0.25",  0.8"  and  1.7".  The  first  two  stations 

lie  within  the  length  of  the  footprint  /^=1.5"  while  the  Z=1.7"  station  is  outside 

this  interval.  In  Fig.  4,  histories  of  all  dependent  variables  at  each  Z“  station 
lie  along  a  column,  while  histories  of  a  dependent  variable  for  the  three 
Z  — stations  lie  along  a  row.  Soon  after  start  of  motion,  the  U  histories  at 
Z=0.25"  and  0.8"  in  Fig.  4(al,a2)  follow  the  plane-strain  case  in  Fig.  3(a) . 
However,  the  first  reflection  is  not  accompanied  by  sharp  rises  in  response  as  in 

plane-strain.  At  Z=1.7",  U  and  du ! dt  response  is  attenuated  as  expected  since 
that  station  is  remote  from  the  footprint.  Magnitude  of  the  W  histories  is 
comparable  to  those  of  U  at  Z=0.25".  However,  W  attenuates  substantially  at  the 
other  stations.  An  explanation  is  that  W  motion  is  controlled  by  shear  waves 
which  for  the  present  material  are  5  times  weaker  than  extensional  waves 
controlling  U  .  Soon  after  start  of  motion  and  within  the  footprint,  normal  stress 
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histories  (Fig.  4 (dl-d3 , el-e3 , f 1-f 3 ) )  resemble  those  of  the  plane-strain  case  in 
that  magnitude  of  the  three  stress  components  is  approximately  the  same  implying  a 
hydrostatic  state  of  stress.  Agreement  of  results  from  plane-strain  and  finite 
cylinder  with  prescribed  uniform  motion  implies  that  the  plane-strain 
approximation  is  satisfactory  for  axial  stations  within  the  footprint.  Also, 
magnitude  of  stress  remote  from  the  footprint  is  comparable  to  that  within  the 
footprint  after  the  initial  hydrostatic  transient  elapses. 

Fig.  5  plots  histories  from  time-delayed  prescribed  motion.  The  same 

nomenclature  applies  as  in  Fig.  4.  Comparing  histories  of  U  and  du ! dt  in  Fig. 

4 (al-a3, bl-b3)  and  Fig.  5 (al-a3, bl-b3)  it  is  apparent  that  except  for  the  shifted 
response  at  the  footprint,  magnitude  and  shape  of  response  are  the  same.  However, 
magnitude  of  W  histories  in  Fig.  5(cl-c3)  are  almost  1/2  those  in  Fig.  4 (cl-c3) . 
This  is  caused  by  the  reduction  in  shear  in  the  time-delayed  prescribed 
displacement  compared  to  the  uniform  case.  Comparing  stress  histories  in  Fig. 

5 (dl-d3 , el-e3 , f 1-f 3 )  and  Fig.  4 (dl-d3 , el-e3 , f 1-f 3 )  reveals  that  soon  after  start 
of  motion,  the  time-delayed  case  looses  the  initial  hydrostatic  transient  while 
magnitudes  following  this  transient  are  comparable.  This  steep  drop  in  stress 
across  the  edges  of  the  footprint  is  caused  by  the  low  shear  rigidity  of  the 

material  consistent  with  the  ratio  /c,-l/5. 

Figure  6  plots  snap-shots  of  the  deformed  cylinder  generator  for  the  two 
types  of  excitation  at  3  times  t  =  40 f^s,  SO/ds  and  110/J5'  .  Note  the  expanding 
footprint  in  the  case  of  the  time-delayed  case  (Fig.  6(a2-c2)) .  Fig.  7  plots 
instantaneous  distributions  for  10  jUS  ^  jUS  in  intervals  of  10  jU  S  . 

In  both  types  of  excitation,  pressure  at  the  ends  of  the  footprint  is  higher  than 
that  at  intermediate  stations.  For  the  time  delayed  excitation.  Fig.  7(b)  shows 
the  expansion  of  the  footprint  with  time  following  prescribed  displacement  in  Fig. 

2.  The  undulation  in  the  distribution  is  an  artifact  of  the  finite 


-233- 


ATK  Mission  Research 


W81XWH-04-C-0084 


number  of  pressure  ring  segments  dividing  the  footprint.  The  distribution  becomes 
smoother  as  number  of  ring  segments  increases. 


4  Conclusion 

An  extension  to  wave  propagation  in  a  hollow  cylinder  is  presented  for 
motion  of  the  excitation  along  the  cylinder's  axis.  Two  types  of  excitation  are 
considered,  a  uniform  prescribed  motion  and  a  time  delayed  prescribed  motion. 
Noteworthy  results  are 

6)  Soon  after  motion  starts,  the  normal  stress  state  for  the  plane-strain 
cylinder  and  finite  cylinder  with  uniform  prescribed  displacement  is  almost 
hydrostatic.  Displacement,  velocity  and  stress  responses  over  the  footprint 
for  these  two  cases  are  comparable. 

7)  Response  from  time-delayed  excitation  is  similar  to  that  from  uniform 
excitation  in  magnitude  and  form  although  the  former  response  does  not 
exhibit  the  hydrostatic  state  soon  after  motion  starts. 
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E  (Iblin^) 

4.5  xlO" 

p  (lb  / in^ ) 

8.7  X 10' 

V 

0.48 

1  (in) 

4 

rp  (in) 

0.25 

(in) 

3 

(in/s) 

6.74  xlO" 

Cj  (in/s) 

1.322  xlO" 

Table  I.  Cylinder  properties 


-235- 


ATK  Mission  Research 


W81XWH-04-C-0084 


Figure  captions 

Figure  1.  Prescribed  motion 

(a)  Up  (in),  (b)  dUp/dt  (ft/s),  (c)  cfup/dd  (ft/s^) 

Figure  2.  Delayed  prescribed  displacement 

left  line  z=0,  middle  line  z=5AZp ,  right  line  z= 1  OAZp 

Figure  3.  Histories  of  plane-strain  cylinder  with  prescribed  displacement 
(a)  u ,  (b)  du/dt ,  (c)  <5^^  (d)  Gee ,  (e) 

Figure  4.  Histories  of  cylinder  with  uniform  prescribed  displacement 

(al)u,  (bl)w,  (cl)  du/dt ,  (dl)G^^  (el)  Gqq  (fl)G^^  :  z-0.25", 

(a2)  u ,  (b2)  w,  (c2)  du/dt ,  (d2)Grr,  (^V^qq,  (ft)  ^zz  ■  z=0.8", 

(a3)  u ,  (b3)w,  (c3)  du/dt ,  (d3)  o,.,.  (e3)GQQ^  (ft)  <^zz  ■  z=1.7" 

Figure  5.  Histories  of  cylinder  with  delayed  prescribed  displacement 

(al)u,  (bl)w,  (cl)  du/dt ,  (dl)G^^  (el)GQQ^  (fl)  G22  •'  z=0.25", 

(a2)  u ,  (b2)  w,  (c2)  du/dt ,  (d2)  g^^  (e2)GQQ^  (ft)  g^^  :  z=0.8", 

(a3)  u ,  (b3)w,  (c3)  du/dt ,  (d3)Gf.f.  (e3)GQQ^  (ft)  g^z  :  z=1.7" 

Figure  6.  Time  snap-shots  of  cylinder  with  prescribed  displacement 
(al)  t=40 105 ,  (bl)  t=80 105 ,  (cl)  t=110 105  ;  uniform  , 

(a2)  t=40 105 ,  (b2)  t=80 105 ,  (c2)  t=110 105  ;  time-delayed 

Figure  7.  Snap-shots  of  \Gftrp  ,z;  tj\  distribution  in  cylinder 
with  prescribed  displacement  at  I0\is  <_/„  <HlO\\s 

(a)  uniform  :  - top  t=10\)iS,  bottom  t=110\!iS 

(b)  time-delayed : - far  left  t—10\is,  far  right  t—110\is 
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Figure  2.  Delayed  prescribed  displacement 

left  line  z=0,  middle  line  z=5/SZp ,  right  line  z=WAZp 


w 

r-'; 

\  \  1  I  ''■0 

_ 1 _ 1 _ 1 _ 

yy 

- 

Figure  3.  Histories  of  plane-strain  cylinder  with  prescribed  displacement 
(a)  u ,  (b)  du/dt ,  (c)  (d)  Oee  (e) 
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uniform 


time-delayed 


(cl )  t  =  110.0  fj^ 


(c2)  t  =  110.0  /AS 


Figure  6.  Time  snap-shots  of  cylinder  with  prescribed  displacement 
(al)  t=40  |i^’ ,  (bl)  t=80  |J.5’ ,  (cl)  t=110  |Ll5  ;  uniform , 

(a2)  t-40  )i5  ,  (b2)  t-80  )i5  ,  (c2)  t-110  |J.5  ;  time-delayed 
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uniform 


time-delayed 


Figure  7.  Snap-shots  of  \<S^frp  ,z;  tj\  distribution  in  cylinder 
with  prescribed  displacement  at  10\)iS  <_f  <J  1 0ns 

(a)  uniform  :  - top  t=10\\.s,  bottom  t= 1 1 0\is 

(b)  time-delayed : - far  left  t=10\iiS,  far  right  t= 11  Ons 
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Summary 

Effects  on  transient  waves  of  circumferential  and  radial  inhomogeneity  are 
studied  in  a  plane-strain  hollow  cylinder.  A  periodic  circumferential  inhomogeneity 
modulating  a  constant  value  is  analyzed  adopting  the  Galerkin  method  where  trial 
functions  are  chosen  as  the  axisymmetric  and  asymmetric  modes  of  the  homogeneous 
cylinder.  A  periodic  radial  inhomogeneity  is  analyzed  by  dividing  the  cylinder  into 
annular  segments  of  constant  width.  A  step-wise  variation  in  modulus  is  assumed 
where  modulus  is  constant  over  each  segment.  Adopting  transfer  matrices,  continuity  of 
state  variables  at  interfaces  of  segments  establishes  the  global  dynamic  equilibrium  of 
the  segmented  cylinder.  The  static-dynamic  superposition  method  is  employed  to  solve 
for  transient  response. 
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1.  Introduction 

Propagation  of  transient  stress  waves  in  human  tissue  during  projectile 
penetration  concerns  medical  researchers  as  overpressure  from  these  waves  may 
cause  indirect  trauma  in  human  organs.  As  the  projectile  penetrates  into  tissue,  it 
moves  material  by  replacing  it  with  its  own  volume.  When  tissue  fails,  It  acts  more  like  a 
fluid,  lessening  the  amount  of  material  being  compressed  by  the  moving  projectile.  In 
the  radial  direction,  tissue  Is  compressed  by  an  expanding  cross-section  of  the 
projectile’s  smoothly  curved  nose.  This  rapid  expansion  generates  compressive  waves 
symmetric  about  the  projectile’s  axis  that  attenuate  with  distance.  El-Raheb  (2004) 
develops  a  model  that  approximates  penetrated  tissue  as  a  homogeneous  hollow  finite 
cylinder  with  inner  radius  that  of  the  projectile  and  a  sufficiently  large  outer  radius  to 
avoid  interference  from  reflections  at  the  outer  boundary  during  the  simulation  time.  A 
radial  velocity  is  prescribed  at  the  cylinder’s  inner  boundary  over  the  finite  projectile 
length  accounting  for  radial  expansion  from  projectile  axial  motion. 

This  work  evaluates  the  effect  on  propagation  of  material  inhomogeneity  that 
may  result  either  from  spatial  variation  in  modulus  or  asymmetric  radial  tearing.  Since 
real  tissue  inhomogeneity  is  complicated  to  model,  the  analysis  to  follow  treats  two 
uncoupled  types  of  material  inhomogeneity;  circumferential  or  0 -Inhomogeneity  and 
radial  or  r -inhomogeneity.  0 -inhomogeneity  is  asymmetric  as  modulus  E  varies 
periodically  with  angular  coordinate  0  but  remains  constant  along  the  radial  coordinate 
r .  In  this  case  both  extensional  and  shear  waves  are  excited,  r -inhomogeneity  is 
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axisym metric  as  E  varies  only  along  r  but  remains  constant  along  6 .  In  this  case  only 
extensional  waves  are  excited.  In  practice  both  0  and  r  inhomogeneities  exist  in 
tissue,  nevertheless  the  two  types  are  presently  addressed  separately  for  parametric 
evaluation  of  each  type’s  effect  avoiding  the  cross-coupling  that  may  result  If  both  were 
acting  together.  Since  histories  from  the  homogeneous  finite  cylinder  model  (El-Raheb 
2004)  compared  favorably  with  those  from  the  homogeneous  plane-strain  model,  the 
latter  model  is  adopted  for  studying  material  Inhomogeneity. 

Whittier  and  Jones  (1967)  studied  the  propagation  of  longitudinal  and  torsional 
waves  In  a  bl-materlal  solid  cylinder  composed  of  an  inner  homogeneous  core  bonded 
to  an  outer  homogeneous  annular  cylinder  of  different  properties.  Armenakas  (1967), 
Reuter  (1969),  Armenakas  (1970),  studied  flexural  waves  In  bl-materlal  cylinders.  Keck 
and  Armenakas  (1971)  presented  an  exact  solution  for  longitudinal  waves  in  an 
infinitely  long  composite  hollow  cylinder  made  of  three  different  transversely  isotropic 
layers.  Vibrations  of  homogeneous  hollow  plane-strain  cylinders  was  analyzed  by  Gasis 
(1958),  Bird  et  al  (1960),  and  Baltrukonis  et  al  (1960).  The  references  above  were 
restricted  to  three  concentric  axisymmetric  layers.  Yin  and  Yue  (2002)  analyzed  the 
plain-strain  axisymmetric  problem  with  multiple  annular  layers  using  Laplace  transforms 
to  Integrate  time  dependence.  Heyliger  and  Jilania  (1992)  adopted  a  variational  method 
and  a  Ritz  approximation  to  study  frequency  response  of  inhomogeneous  cylinders  and 
spheres.  Steinberg  (1995)  formulated  the  Inverse  spectral  problem  to  determine 
properties  of  a  cylinder  with  inhomogeneous  materials.  Inertial  0 -Inhomogeneity  from 
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a..  =  A  A  +  2  ,  a  =  rr,  99,  zz 

A  =  s^^+s,,,  S^^=0  (2a) 

(j.j=ix£.j  ,  ij  =  r9,9z,zr 

=  d^u  ,  Sgg  =ul r  +  l/ r  d^o  ,  =0 

£^g=l/r6gU  +  d^o  -o/r 

(A,/j)  are  the  Lame'  constants.  For  the  homogeneous  medium,  substituting  (2b)  in  (2a) 
then  in  (1a)  yields  the  dynamic  displacement  equations 


M{Dn  u  +  v)  =  pd„u 
u+D^^  v)  =  pd„o 


D,,^[(P  +  2)Vf+l/r^d,,],  D,,^l/rd,[(P  +  l)d^-(P  +  3)/r] 

D,,^l/rd,[(P+l)d^+(P+3)/r],  D,,  +(P +2)/ 

Vf  +  -1/r"  ,  p=X/ p  =  2v/{\-2v) 


V  is  Poisson  ratio.  Eq.  (3)  is  the  limiting  case  of  Eq.  (Al)  in  Appendix  A 
when  the  Z  dependence  vanishes. 

Assume  a  circumferentially  inhomogeneous  modulus  p(9)  symmetric  about 


9=0  with  a  Eourier  expansion 

p{9)  =  q(6>) ,  S,{9)  =  sinm,  g(6>)  =  cos(/6>)  (4) 

1=0 

Substituting  (4)  in  (2a, b)  then  in  (la)  produces  the  equations 

Q  (^)  Mo  (^11  ^  ^12  ^  Mo  “  P  (5a) 

1=0  l=l 

Y,e,C,(9)  a<o(Ai  U  +  D22  o)  +  S,{9)  Pq(D2,u  + 1)220)  =  pd„v  (5b) 

1=0  1=1 


D^^=-l/r^8g  ,  =-l/r5^  +  l/P 

b^^^-pird^-iP  +  DIr^  ,  4^  =-(/?  + 2)/ P  a. 
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To  solve  (5) ,  the  Galerkin  method  is  adopted.  U  and  V  are  expanded  in  terms 
of  orthogonal  trial  functions  satisfying  the  boundary  conditions  at  the  inner 

and  outer  walls  of  the  cylinder  r  =  and  r  =  .  One  admissible  set  is  the 

eigenfunctions  of  the  homogeneous  problem  in  Eg.  (3)  with  JU  =  the 

axisymmetric  term  in  the  /i(0)  expansion  (4)  .  For  harmonic  motions  in  time 

with  radian  frequency  CO  and  periodicity  along  9,  the  solution  to  (la)  is 


u{r,6,t)  =  {u^{r,0)  +  U2{r,6))e“^^ 
u(r,0,O  =  (ui(r,0)  +  U2(r,0))e“ 


(6a) 


“l  =  Z  {^lln  Ke  («  Jn  (Ke^)  (t/))  +  «  K  (t/)  ^  ^  }  O  (6>) 

n=0 

^  =  Zhilin  -  C,2nKs{^Jn(Ksr)/iKsf)-JnAKsf))}  t  (O  (6b) 

n=0 

(0)  =  sm(n6),  C^(0)  =  cos(n6) 

{U^,U^)  are  derived  in  Eg.  (Bl)  of  Appendix  B,  and  {112,02)  have  the  same  form 

as  (  ,  Uj  )  with  J^ikr)  replaced  by  Y^ikr)  and  (  C2j„  ,  C22„  )  replacing  (  Cjj„  ,  Cj2„  )  • 

Expressions  for  ^rr^^rO  similar  to  those  for  displacement  in  (6a)  and  (6b)  can 
be  expressed  as 


T^g{r,e,t)  =  {T^g^ir,9)  +  T^g^{r,9)) 

=  A'Zj^ii^  ((-(/?  +  2) +  2(n^  - n))  J I 

n=0 

+  2ci2„((«"  -  O(^) 

-  2ci2„  ((n^-n-  (k^jf  /  2)  (^„r)  /  r"  +  (^„r)  /  r  )}  5„  (6>) 


(7a) 


(7b) 


n=0 


(7c) 
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( ^  rri  ^  rev'^  derived  in  Eq.  (B2)  of  Appendix  B,  (^re’^ra)  radial  wave 

numbers  defined  in  Eq.  (Bl)  of  Appendix  B.  i  rri  ^  rei '>  have  the  same  form  as 

( ^rri  ’ J„(kr)  replaced  by  Y^{kr)  and  ,  C^2n)  replaced  by  (C2i„  ,  C22„)  • 

Re-write  (7a)  in  the  form 

S(r,e,0  =  {.T„,  =^8.(9)  B.(r)  c,  e'“ 

n=0 


K(0) 


c„(e)  0 

0  5„(0) 


(8) 


B^(r)  is  a  2x4  matrix  of  the  radial  functions  in  {(7^  ,  T^q)  multiplying 

=  |c^^^,C^2n’^2in’^22n}  (7b,  c)  .  The  homogeneous  boundary  conditions  (la)  are 


^rr(0=^ 

^re(fp)  =  0,  T^,{rj  =  0  (9b) 

Substituting  (8)  in  (9a, b)  and  enforcing  orthogonality  of  the  9  dependence 
yields  a  set  of  uncoupled  eigenvalue  problems  for  each  circumferential  wave 
number  n 


B  c  =0  ,  B  = 

n  n  ’  n 


B„(rp 

B„(rg 

detlB„l=0  =>  {^(r)  ,  i//(r)  ;  CO 


(10) 


is  a  4x4  matrix,  |^(r),l/c(r)b^  are  the  displacement  eigenfunctions, 
are  the  eigenvalues,  and  TU  is  radial  wave  number.  In  what  follows  and 

will  be  written  as  and  W for  shortness  since  it  is  known  that 

they  are  functions  of  r  only.  Expand  {u  ,  u)  in  the  eigenfunctions  (9) 
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=  ^mnCniO) 

n=0  m=l 

n=l  m=l 

Substituting  (11)  in  (5a, b)  yields 

<P  +  D''’^)  C,(0) 

1=0  k=0  j=l  ^ 

+  5,(0}  V  +  Dnw)  ,  S,(0) 

1=1  k=l  j=l  ^ 

=  PTjU^n.niOfP^nC AO) 

n=0  m=l 

S,(0)=sin(Jt0),  C,(0)  =  cos(JI;0) 

M„z<^,c,(0)  «>+d;:v)  .s.w 

1=0  k=l  j=l  ^ 

+n„^e,ls,(0)  ZZ“j.«(A;'  <P  +  DSw)  c,{0) 

1=1  k=0  j=l  ^ 

=  pYuYu^mnOlWrnn^niO) 

n=l  m=l 

In  (12a,b)  the  operators  are  the  same  as  D..  in  (5)  with  the  9 

^  J  ^  J 

dependence  eliminated,  and  (  )  is  derivative  with  respect  to  t  .  From 
noting  that 

(d';^  (p + dIA w ) .,  =-pi Pg (0% (p., 

[dA  (P  +  DA  W ) .,  =-pl  Po  (0%  Yjk 

reduces  (12)  to 

b(^)  ZZ®i  (PjkCAO) 

1=0  k=0  j=l 

-Po/pTj^A  SiiOlY^Y^ajAt)  [-n(p^jA  -  xp .J A  +\p'.Jr)SA0) 

1=1  k=l  j=l 

=  ZZa.,.(»)(i)..C.(e) 

n=0  m=l 


(11) 


(12a) 


(12b) 


Eq.  (3) , 


(13) 


(14a) 
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1=0  k=l  j=l 

«,.<')  {Pv'jJr  +  (P+2},fi,/r‘ +n(P+2}Vjt/r)C,(e>  (14b) 

l=l  k=0  j=l 

=  ZZa..(0V',.„S.(e) 

n=l  m=l 

For  each  {m,n)  dyad,  multiplying  both  sides  of  Eq.  (14a)  by  COS(/20)  and 


both  sides  of  (14b)  by  sin(/20)  ,  integrating  over  the  domain 

0  ^  0  <  2;r  then  adding  the  two  resulting  equations  produces 

<i+<5.o)  a,.(o  +  ''"Z.  +  ®®  C,)i]  4  c,.(o 

k=0  j=l 

+  t^JP  +0H’C.).]  (!).«)  =  0 


(15a) 


k=o  j=l 


=]((pL+¥L)rdr,  n=0,l,..,N,  ,  m  =  l,2,..,N^ 


In  In 

®1»  =  Z*".  J  c,(»)  cpo)  cpe)  de ,  0®  =  Z*"/  J  c,(e)  spe)  spe)  de 


1=0  0 


1=0  0 


In  In 

e;i’  =Z<’. '  1  sp0)  spo)  cpo)  de ,  =Z^/ '  f  s,(0)  cpe)  spe)  de 


l=\  0 


l=\  0 


(15b) 


-  \(p  CD  .,  r  dr  ,  i  =  \  W  W  i  r  dr 

mn ,  jk  \  T  mn  T  jk  ’  mn ,  jk  \  r  mn  r  jk 

T  T 

P  P 

K'njk  =  j  (P.nn  (-kfPjJr^  jk  '  ^ 

^P 

C,,  =  f™  (P  <P',Jr  +  (/5  +  2)  +  k(p  +  2)  <i,,Pr)rdr 


(15c) 


d^Q  is  the  Kronecker  delta  and  (  )^  is  derivative  w.r.t.  r.  in  arriving  at 
(14a)  the  orthogonality  of  ((Pmn  ’  ¥„n)  was  utilized.  For  a  homogeneous 
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material,  e«>=®™=0,  e;"  -  0®-  (1  +  5.,)  It  and  +1?® ,.  =  iV..  5.,  5., 

reducing  (11a)  to  the  simple  form 

(2  (f)  (D  d  —0  (16) 

To  diagonalize  (14a) ,  form  the  coupled  eigenproblem 

[K..M.<d.^]a  =  0  ,  a  =  {a,.}'’ 

mn  ,  jk  =  (1  +  ^«0  )  ^  ^mn  ^mj  ^nk 

is  a  stiffness  matrix  of  order  {N^N,)x{N^N,),  is  a  diagonal  mass 

matrix  of  the  same  order.  The  eigenproblem  (13)  yields  the  orthogonal  eigenset 


{<D^.(r,0)  ;  (y^.}  where  o^.(r,0)  is 


the  i  eigenvector  coupling  the  constituent 


0)^-  are  the 


modes  {(Pmn^Vmn}  Coupling  coefficients  J  ,  and 

corresponding  eigen-frequencies .  The  coupled  state  vector 

~{^c’ ^c’ ^rrc  ^  ^eec’ ^zzc^  ^r0c}  expanded  in  terms  of  <l>^,.(r,0)  as 

S^(r,6>;0  =  X^i  W  (18a) 

i 

^Jr,e)  =  YJ^a^,sjr,0) 

""  ""  ^  (18b) 

O^.(r,0)  =  [u^,  v^, 

is  the  state  eigenvector  of  the  {m,ny^  constituent  mode  and  ^ci  ^  ^ rOd 

are  components  of  the  coupled  eigenvector  (r, 0)  . 

Express  displacement  u(r,0;^)  as  a  superposition  of  two  terms 


u(r,0;O=u,(r,0)  /  (0  +  \x^{r,e-,t) 


(19) 
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is  static  displacement  vector  satisfying  (5)  with  vanishing  time 
dependence  and  boundary  conditions  (lb)  with  (see  Appendix  C)  , 

u^{r,9;t)  is  dynamic  displacement  vector  satisfying  (5)  and  boundary 
conditions  (lb)  with 

u,(r.e)  =  u,„(r)+Y,U.CM) ,  = 

n=0  n=0 


U  =Yb  (D  ,  V  =yb  w 

sn  mn  t  mn  ’  sn  mn  /  m 


n=l 


n=l 


(20) 


is  the  axisymmetric  radial  displacement  satisfying  the  inhomogeneous 
boundary  condition  (lb)  with  f^(t)=l  (see  Appendix  C)  .  Expand  {r,9\t)  in  the 
eigenfunctions 

u,(r,e;t)  =  yc,{t)ujr,e)  ,  (Pmn  Q(^) 


Vj(r,9;t)  =  ^Ci(t)  o^.(r,9) , 

i 


n=0  m=l 

t,-  (r, 6')  =  E  Z 

n=l  m=l 


(21) 


C.{t)  is  generalized  coordinate  of  the  coupled  eigenfunction.  Substituting 

(19),  (20)  and  (21)  in  (5)  and  enforcing  orthogonality  of  the 
yields  uncoupled  equations  in  C.{t) 


+  CO^iC.(t)  =  f.(t) 


(22a) 
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271 


0  r, 
2n 

iV„  =  JJ( 

0  r„ 


“ri  “■  + 


=  J  J{S'«+C;')  r  '''■rfS  ='rE(l  +  ^.o)  +  Vl.)  r  dr 

n=0  f 

'p 

^ci  o^)r  dr de 

To 

=  2^f  (U,„  +  a,„ )  t/,,,  r  dr  +  ;rX  I (u„j  U„  +  l/„,  V,„ )  r  dr 

r  n=\  r 

p  p 

U  .  =  ^  a  .(D  ,  V  .  =  ^  a  uf 

n,i  mn,i  r  mn  ’  n,i  mn,i  /  mn 


n=l 


n=l 


(22b) 


are  coupling  coefficients  of  the  coupled  static  solution.  Eq.  (22a)  admits 
the  solution 


c,a)=- 


|sin(j>„.(?-T)/;.(T)  dr 

0 


if  fpit)  is  piecewise  linear  with  conjoined  segments 


(23a) 


4(')  =  Z(a, 

7=1 

»1=4(»|)  =  0  <23b) 

4  (0 = Ad«)  -  A/a 1;  ( 4.,  -  4 )  da ) 

7=1 

then  (23a)  can  be  integrated  analytically  with  an  accuracy  independent  of  the 
time  interval. 

3.  Radial  inhomogeneity 


Consider  a  step-wise  radial  variation  in  modulus  as  follows.  Divide  the 
region  <  r  <  into  equidistant  annular  segments 

rj<r<r  ,  ,  j  = 

(24) 

Ar  =  Ar  =  r  -  r  ={r^-r)/ 
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Assume  that  C^.  =  , C2y |  is  constant  over  each  segment  but  varies  from  segment 

to  segment.  Since  axial  symmetry  holds,  the  following  equation  applies  to  the 
segment 

+  +  rd^  -\/ Uj  =  pd^^Uj  (25) 

For  harmonic  motions  in  time  with  radian  frequency  (0  ,  Eq.  (25)  admits  the 

'th 

solution  for  the  ]  segment 


U.  (r,  t)  =  Uj  (r)  ,  Uj  (r)  =  p.  (k^.  r)  +  c^.  (k^.  r) 

Kj=^l(^ej  ’  cl.={X  +  2p).l  p 

Substituting  (26)  in  the  constitutive  relations  (2a, b)  yields 

^rrj  =  (-(P  +  2)  k^j  J^iKj  r)  +  2J^(k^.  r)/r) 

+  (-(P  +  2)  Kj  t  (Kj  r)+  2.Y, (k^j  r) / r ) 


(26) 


(27) 


For  each  annular  segment,  express  the  state  vector  terms  of 

the  constant  vector  =  |cj^. ,C2^| 


S.(r)  =  B.(r)  c.  (28) 

B,(r)  is  a  matrix  with  coefficients  the  functions  multiplying  in  (26) 

•th 

and  (27)  .  Evaluating  (28)  at  the  two  ends  of  the  ]  segment  then  eliminating 
Cj  determines  the  (2x2)  transfer  matrix  T^.  relating  state  vectors  at  the  ends 
of  a  segment 


S/0..)  =  T,S/rp  .  T,=[(i]  =  B:'(0)B,(r,.,)  ,29a, 

c-B-'(a,)S/r,)  (29b) 
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Enforcing  continuity  of  S^.  at  interfaces  of  segments  and  homogeneous  boundary 
conditions  (8a)  at  f  —  fp  and  t  yields  the  global  transfer  matrix  in 

tri-diagonal  block  form  and  the  corresponding  global  S^j  which  is  the  ensemble 


of  all  S^. 

Tc.Sg=0  ^  detITghO 

■-1  0 

hi  hi  “1  0 

4i  4  0  -1 

hi  hi  “1  0 


-1  0 
hi  h2  ^  ^ 

t^{  0  -1 

-1  0 

Eq.  (30)  determines  the  eigenset  |S^  and  in  turn  =  |cpC2,..,C^.,..,C^  |  from 

(29b)  . 


To  solve  the  transient  response  problem,  decompose  the  displacement 
uir\t)  as  a  superposition  of  two  terms  in  the  manner  as  was  done  for  the 
circumferential  inhomogeneity 


u{r,t)  =  u^{r)  f^(t)  +  u^(r,t) 


(31) 


u^(r)  is  static  displacement  satisfying  (25)  with  vanishing  time  dependence 
and  boundary  conditions  (lb)  with  and  is  dynamic  displacement 
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satisfying  (25)  and  boundary  conditions  (lb)  with  The  static  state 

vector  ^sj~^^rrs^^s^^j  Segment  takes  the  form 


(H  =  2(A  +  p)j  +  2pj  /  r" 

(32a) 

u,ji.r)  =  c,^.r  +  c^^.lr 

(32b) 

The  global  static  transfer  matrix  is  determined  following  the  steps  that  led 
to  Eg.  (28)  and  (29) 


Tg, -Sg,  =Po  ,  Po 

Sg.  ={s.i  ti),  8,2^2)--  S,yrp,..,  (r^ 

Expand  in  its  eigenfunctions 

=  (Pm(r) 

m 

Nr 

(Pm(r)  =  ^Kjm  Y,(k^j^  v)  )[H{r-r.)  -  H{r-r.^,)) 


(33) 


(34) 


//(r)  is  the  Heaviside  function,  k^.=CO^Ic^.  and  is  the  eigenvalue. 

Substituting  (32a, b)  in  (31)  then  in  (25)  and  enforcing  orthogonality  of  the 
{(P,n}  set  yields  uncoupled  equations  in 

d  (t)  +  (D^  a  (t)  =  f  (t) 

m  Y  /  m  m  Y  /  J  / 

V  V 

'o  'o 

f  (t)  =  N  f  (t)  I N  ,  N  =  {  (P^  r  dr  ,  N  =  { (P  u  r  dr 

J  mY  /  sm  J  pY  /  '  m  ’  m  \  '  ni  ’  sm  \  '  ^  s 

r  r 

p  p 

Eq.  (35)  admits  the  solution 


(35) 


Cl. 


1  ^  — 

,(0  = - { sin  0}Jt-T)fjT)  dr 

CO,  •' 


(36) 


m  0 
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4 .  Results 

Consider  a  plane-strain  cylinder  with  properties 

K  =  3.1x10^  p  =0.93  g  I  cm^ ,  v=0.48 

(37) 

=0.635  cm,  =  7.62cm 

This  yields  extensional  and  shear  wave  speeds  C^  and  C^  1.71  and  0.34  km/s 

and  the  ratio  C^lc^—5.  Fig.  1  plots  the  resonant  frequency  spectrum  Q  versus 

discrete  fl  with  radial  wave  number  m  as  parameter.  Although  each  frequency 
corresponds  to  a  discrete  integer  n  value,  the  points  are  joined  to 
facilitate  discerning  constant  m  lines  in  the  explanation  to  follow.  Lines 

of  constant  m  are  almost  parallel  with  slope  proportional  to  C^  .  A  constant 

m -line  changes  slope  and  coalesces  with  the  next  constant  m -line 

without  crossing  it.  Coalescence  without  crossing  is  necessary  for  uniqueness 
of  the  eigen-states.  Near  coalescence,  reverts  to  its  original  slope  while 

proceeds  through  similar  steps  to  coalesce  with  *  R^^ote 

from  coalescence,  these  lines  have  a  slope  proportional  to  and  correspond 
to  shear  modes.  Near  coalescence,  envelopes  are  also  straight  lines  with  slope 
proportional  to  and  correspond  to  extensional  modes.  Shear  modes  are  denser 

than  extensional  modes  when  C^lc^  is  large  as  in  the  present  case.  Coupling  of 

shear  and  extensional  modes  for  /I  >  1  is  what  distinguishes  asymmetric  from 
axisymmetric  motions. 

Since  the  static  solution  is  prerequisite  to  solving  transient  response, 

understanding  the  effect  of  0 -inhomogeneity  on  the  static  problem  will  help 
understanding  its  effect  on  transient  response.  The  first  step  starts  with  the 
simple  case  of  the  static  axisymmetric  homogeneous  cylinder  with  unit 
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prescribed  pressure  at  its  inner  boundary  r  =  .  Fig.  2  plots  radial 

distribution  of  displacement  and  stresses  and  .  Remote  from  r  =  , 

i/^ocl/r  and  (ct^^q  ,  (T^^q)  oc  1/ ,  with  magnitude  equal  to  applied  pressure  . 

As  expected,  (7^^^  is  compressive  and  is  tensile  since  internal  pressure 

expands  the  cylinder  along  the  radius. 

Consider  the  plane-strain  cylinder  with  0 -inhomogeneity  in  the  form  of 
Eg.  (4)  including  only  2  terms 

ju(9)  =  iUq  (1  +  0.5  cos{26))  (38) 

ju(e)  in  (38)  is  symmetric  about  6=0  and  0=nl2  requiring  that  only  even 
n's  be  included  in  the  expansion  (C8)  of  Appendix  C.  Convergence  of  the 
static  solution  was  achieved  with  m  =  60  and  =  0,2,4.  Fig.  3(al-el)  plots 
dependent  variable  along  r  with  6  as  parameter  and  Fig.  3(a2-e2)  plots  these 
variables  along  9  with  r  as  parameter.  At  9=0  where  E  is  largest  (Fig. 
3(al)),  decreases  along  r  like  in  Fig.  2(a)  with  peak  ^  ~ 

slightly  less  than  that  of  Uq  .  As  9  increases,  ^ diminishes  to 

almost  1/2  •  -^long  9  (Fig.  3(a2)),  is  periodic  following 

approximately  the  COS(20)  distribution  of  /i(0)  .  This  means  that  along  a 
constant  r-line,  the  cross-section  is  squashed  with  larger  curvature  at  9=0 
and  smallest  curvature  at  9  =  n  12  .  Thi  s  results  in  flexure  of  the  cross- 
section  adding  to  a  periodic  stress  component  that  changes  from 

compressive  at  9=0  to  tensile  at  9=kI1.  Indeed  Fig.  3(dl,d2)  shows  a 
compressive  over-stress  at  9=0  with  magnitude  6  and  a  tensile  over-stress 
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with  magnitude  2  .  The  same  argument  applies  to  in  Fig.  3(el,e2)  .  Note 

that  in  Fig.  2  is  not  plotted  since  it  is  small  since 

cr^Q  = /(I  + /?q)  /(rj^  —  r^)  »  1  .  it  appears  then  that  in  the  static  case, 

0 -inhomogeneity  magnifies  compressive  and  tensile  stresses  because  of  flexure 
at  and  near  the  inner  boundary,  and  raises  axial  stress  substantially  from  the 
homogeneous  case. 

Consider  transient  response  of  a  homogeneous  plane-strain  cylinder 
forced  by  a  10^5  trapezoidal  pulse  of  unit  intensity,  with  1  ps  rise  and  fall 
times  and  a  plateau.  Fig.  4  plots  histories  of  dependent  variables  within 

a  60ps  time  range.  Fig.  4(a)  shows  U  histories  at  3  different  radial 
stations.  U  increases  almost  linearly  while  the  forcing  pulse  is  nonzero  then 
drops  smoothly  until  waves  reflect  from  the  free  boundary  r  =  .  Note  the 

time  delay  in  response  for  r  =  2r^  and  r  =  4r^  equal  to  travel  time  of 

extensional  waves  to  reach  these  stations  from  r  =  .  Fig.  4(b)  plots  velocity 

history.  Velocity  increases  steeply  with  rise  time  that  of  the  forcing  pulse, 
then  continues  to  increase  at  a  reduced  rate  until  the  forcing  pulse  elapses 
consistent  with  the  shape  of  the  U  history  in  Fig.  4(a) .  The  smooth  rise 
during  the  plateau  portion  of  the  pulse  is  characteristic  of  cylindrical 

symmetry  as  it  is  flat  in  1-D  and  2-D.  (7^^  follows  the  shape  of  the  forcing 

pulse  closely  since  it  must  satisfy  the  boundary  condition  at  ^  (see  Fig. 

4(c))  .  However,  (Jqq  while  being  tensile  for  all  r  in  the  static  case  (Fig. 

2  (b) ) ,  is  compressive  throughout  the  duration  of  the  pulse  then  changes  to 
tensile  after  the  pulse  elapses.  An  explanation  is  that  shortly  after  the 
pulse  is  applied,  a  narrow  annular  region  bounded  by  the  extensional  wave- 
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front  undergoes  stress  while  the  wave-front  acts  as  a  solid  but  moving 
boundary.  During  this  time,  the  state  of  stress  in  this  instantaneously 
confined  annular  region  is  almost  hydrostatic  where  all  three  normal  stress 
components  are  approximately  equal.  Release  of  pressure  at  the  end  of  the 

pulse  and  radial  motion  of  the  wave-front  reverts  to  the  free  motion  when  Gqq 
changes  to  tensile. 

Consider  transient  response  of  the  plane-strain  cylinder  with  the  9- 
inhomogeneity  given  by  (38) .  Fig.  5  plots  histories  of  each  dependent  variable 

along  a  column  for  a  specific  6  .  Three  values  of  9  are  chosen:  0,  71 !  A  ^  71 !  2.  , 
Unless  specified  on  the  ordinate  of  some  variable,  labels  along  a  row  are  the 
same  for  all  9  .  Exceptions  to  this  rule  are  when  the  variable  at  9=0  is 

substantially  larger  than  that  for  other  values  of  9.  At  9=0  (Fig.  5(al)), 
magnitudes  of  the  M  histories  are  approximately  half  those  for  the  other 

0's.  This  may  seem  counter  intuitive  as  it  is  the  opposite  of  the  static  case 
(Fig.  3(al,a2))  .  Yet,  the  explanation  is  the  same  as  that  for  the  sign  of 
in  the  homogeneous  cylinder  (Fig.  4(d)) .  Shortly  after  the  pulse  is  applied, 
the  wave-front  confines  a  narrow  annular  region  near  T' =  where  the  state  of 

stress  is  hydrostatic.  Since  at  9=0,  modulus  is  3  times  larger  than  at 

9  = 71 1 2 ,  and  since  hydrostatic  displacement  is  inversely  proportional  to 
modulus,  the  result  in  Fig.  5(al)  is  obtained.  Histories  of  circumferential 

displacement  U  are  plotted  only  for  9  =  7C  / 4  (Fig.  5(b2))  since  U  oc  sin(/20) 

vanishes  at  0  =  0  and  9  =71 12  for  n=2  and  =4  .  Magnitude  of  V  is 

approximately  1/5  that  of  U  for  the  9  shown.  Also,  travel  time  is 
approximately  5  times  that  for  U  in  Fig.  5(a2) .  This  implies  that  U 

propagates  at  the  speed  of  shear  waves  .  Histories  of  (7^^  (Fig.  5(cl-c3)) 
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qualitatively  resemble  the  corresponding  ones  of  the  homogeneous  cylinder 
(Fig.  4(c))  .  The  difference  is  that  magnitude  of  (7^^  reduces  with  modulus  as 

evidenced  by  comparing  Fig.  5  (cl)  to  Fig.  5(c2,c3)  .  Histories  of  Gqq  at  0=0 

(Fig.  5(dl))  are  particularly  interesting.  Throughout  the  duration  of  the 
pulse,  response  is  comparable  to  the  homogeneous  cylinder.  After  the  pulse 

elapses,  (7^^  becomes  tensile  reaching  a  peak  3.5  at  t  =  90ps  .  The  first 

peak  of  Gqq  occurs  at  the  1/4  period  of  the  coupled  fundamental  resonance 

with  a  frequency  of  2.6  KHz  compared  to  the  fundamental  axisymmetric  resonance 
of  the  homogeneous  cylinder  at  6.1  KHz.  For  an  impulsive  pressure,  setting 

fi{j)  =  5{T)  in  (23a)  yields  ^. (/■)  oc  sin((D.^)/(D.  implying  that  the  largest 
amplitude  of  free  oscillation  is  inversely  proportional  to  the  fundamental 
resonance.  This  explains  the  larger  Gqq  amplitude  of  the  inhomogeneous 

cylinder  compared  the  homogeneous  one.  Histories  of  G^  (Fig.  5(el-e3)) 

resemble  those  of  G^^  (Fig.  5(cl-c3))  except  that  magnitude  at  0=0  is 

approximately  double  that  at  0=7llA.  Finally,  velocity  histories  (Fig.  5(fl- 
f3) )  follow  the  U  histories  (Fig.  5(al-a3))  in  that  magnitude  of  velocity  at 

0=0  is  lower  than  that  at  0=71/4  and  at  0=71/2. 

in  the  case  of  r-inhomogeneity  assume  the  following  distribution  of 

modulus  E{r) 

^(H  =  £'o(l  +  0.5sin(4;r(r-r^)/(r^  -rp))  (39) 

where  and  all  other  properties  are  given  in  (37) .  in  this  way,  the  highest 

to  lowest  E(r)  ratio  is  3  similar  to  the  0 -inhomogeneity .  The  cylinder  is 
divided  into  45  annular  constant  width  segments  each  assigned  a  constant  EiO 
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following  (39)  with  r.  being  the  mean  radius  of  the  segment.  The 
corresponding  stepwise  distribution  is  shown  in  Fig.  6.  The  cylinder  is 

forced  by  the  same  lOjUS  trapezoidal  pulse  used  in  the  case  of  the  6- 
inhomogeneity .  Fig.  7  (a-e)  plots  histories  of  the  cylinder  in  the  interval 
0<t<80ius  .  Throughout  the  duration  of  the  pulse,  histories  of  the  cylinder 
with  r-inhomogeneity  are  almost  the  same  as  those  of  the  homogeneous  case  (see 
Fig.  4) .  During  this  time,  response  is  confined  to  a  narrow  ring  close  to 

r  =  ,  where  magnitude  depends  only  on  properties  in  this  region.  After  the 

pulse  elapses  and  the  wave-front  moves  outward,  response  then  differs  from  the 
homogeneous  case  especially  after  reflection  from  the  outer  boundary  r  =  . 

it  is  evident  from  the  examples  above  that  for  the  same  level  of 

inhomogeneity,  0 -inhomogeneity  has  a  more  pronounced  effect  on  transient 
response  both  in  shape  and  magnitude.  The  fundamental  reason  is  that  with  a 

0 -inhomogeneity ,  asymmetric  waves  are  excited  that  include  both  extensional 
and  shear  components  adding  to  the  spectrum  modes  with  lower  frequency.  These 
modes  magnify  amplitude  of  free  motion  for  all  dependent  variables. 

5 .  Conclusion 

Transient  response  of  a  plane-strain  hollow  cylinder  was  analyzed  for 

both  9  and  r  inhomogeneity.  For  a  0 -inhomogeneity  with  periodic  modulation 
noteworthy  results  are 

1.  Dependent  variables  acquire  a  periodicity  along  the  circumference 

2.  Static  Gqq  and  (7^  are  magnified  at  9=0  and  ^  compared  to  the 
homogeneous  case 
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3.  Static  Gqq  is  modulated  by  a  flexural  components  that  is  compressive 

along  the  axis  of  highest  modulus  and  tensile  along  the  axis  of 
weakest  modulus 

4.  Asymmetric  waves  are  induced  that  include  extensional  and  shear 
components  adding  modes  with  lower  frequencies  to  the  spectrum.  This 

in  turn  magnifies  amplitude  of  Gqq  and  (T^  after  the  forcing  pulse 

elapses  and  free  harmonic  motion  starts. 

For  a  periodic  r-inhomogeneity  the  principal  results  are 

1.  When  the  forcing  pulse  is  acting,  response  resembles  the  homogeneous 
case 

2.  Differences  in  response  appear  after  the  pulse  elapse  especially 
after  reflection  from  the  outer  boundary 

3.  Fixing  the  level  of  inhomogeneity,  0 -inhomogeneity  has  a  more 
pronounced  effect  on  response  than  r-inhomogeneity  because  of  the 
absence  of  shear  waves  in  the  latter. 


Asymmetric  dynamic  solution  of  homogeneous  finite  cylinder 

For  periodic  motions  in  time.  The  Navier  equations  of  elastodynamics  can 
be  written  in  vector  form  as 

(A  +  ;U)V(V*u)  +  //V*(Vu)  +  pct)^u  =  0  (Ai) 

where  X  and  p  are  Lame' ' s  constants,  p  is  density,  U  is  displacement 

vector,  and  (O  is  radian  frequency.  For  cylindrical  coordinates  ir,0,z)  where 
Z  is  along  the  axis  of  revolution,  U  can  be  expressed  in  terms  of  three 
scalar  potentials  (p,  Tj  as  follows 

u  =  +  V  X  (^e. )  +  V  X  V  X  (pe. ) 

(A2) 

Vi  =  UQ^  +>ve^ 
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where  6^,  6^,  6^,  are  a  unit  vectors  along  r,0,  Z  ■  Substituting  (A2)  in  (Al) 
then  taking  the  divergence  yields 

vV+^>  =  0  ,  V^^d^^  +  l/rd^  +  l/r^d,,  +  d^ 

k^=(Dlc^  ,  d=(A  +  2//)/p 

Substituting  (A2)  in  (Al)  and  taking  the  curl  yields 

'V^T]+k^T]=0  (A4) 

K=a)/c^  ,  C^  =  ju/p 

For  simply-supported  boundary  conditions  at  Z  =  0,l  and  periodicity  along  9, 

(p,  77  can  be  expressed  in  terms  of  Bessel  functions  in  r  and  harmonic 

functions  in  9  and  Z 

<p(r,e,z)  =  {c,,  J„iK,r)  +  C21  Y^ik^j))  SJz)  C„(0) 

<^(r,0,z)  =  (ci2  +  C22YAKsr))  SJz)  SJO) 

(p(r,e,z)  =  {c,^  J„{Kj)  +  C23  YJk^j)  )  CJz)  Cje) 

S„(6)  =  sm{n0) ,  C^{6)  =  cos(n6) 

SJz)  =  sm(k^z),  CJz)  =  cos{k^z) 

Ke  =kl-kl„  ,  kl=kl -kl^  ,  k^  =mnll 
m  =  l,2,...,M  ,  n  =  0,l,...,N 

m  is  an  integer  axial  wave  number  that  follows  from  the  exact  solution  of 
the  separated  axial  dependence  satisfying  simply  supported  boundary  conditions 

at  Z  =  0J  which  require  that  u(r,9 ,  z)  =  o(r,9 ,  z)  =  C ^(r,9 ,  z)  =  0  at  Z  =  0J. 

Similarly,  n  is  an  integer  circumferential  wave  number  that  follows  from  the 
exact  solution  of  the  separated  circumferential  dependence  satisfying 
continuity  of  dependent  variable  along  the  cylinder's  circumference.  Subscript 


(A5a) 


(A5b) 
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m  in  will  be  dropped  hereafter  for  shortness.  If  D  is  a  dependent 

variable,  then 

D  (1 , y„, ;  y. , t., )  =  D,  (t .  ) + D,  (t . t., )  <A« 

Since  D2  has  the  same  form  as  except  that  the  primitives  J^^Jn+i  ^1 

are  replaced  by  in  D^r  only  expressions  for  will  be  listed  below 

for  shortness.  Substituting  (A5)  in  (A2)  produces  expressions  for 
displacements 

".=ZZ{  ^llmn  ^re  («  A  “  A+1  (Kef))  +  ^  A  (KsK  ^  ^ 

”  "»  (Ala) 

^  13 mn  ^rs^z  {n  J,  (k„r)/(k„r)  -  SJz)  C,  (9) 

n  m  (A7b) 

+  C13™  n 7„  (^„r) /  r}  (z)  5„  (0) 

^1  A(A.t  +  Cis™  A"  A(A.t}c„(z)c„(0)  (A7c) 

n  m 

The  constitutive  relations  are 

(j..  =  XA  +  2/US..  ,  a  =  rr,  96,  zz 

A  =  Srr+^ee+^zz  (^8) 

(7.j=ns.j  ,  ij  =  re,9z,zr 

e^^=d^u  ,  Sgg  =  ul  r  +  H r  dgV  ,  s^d^w 

s^g=l/rdgU  +  8^0  -oir  (A9) 

^0z  =d^o+  l/r8,w  ,  =  d^w  +  d^u 

Substituting  (A7)  in  (A9)  then  in  (A8)  produces 

f^rrV  =  A'  S  Z  {^nm«  ((“(/^  +  2)(A.  ff  +  2(«"  "  «)  "  P(K  ff  )  K  (Ke  K  I  K  +2  k^^  J (k^^  t)  /  T  ) 

n  m 

+  2ci2™  ((«"  -n)J„(Ks  t/ A  Jn^x(Ks  f)lf)  (AiOa) 

-  2ci3„„  a  ((«"  -  «  -  (A.  rf )  A  (A.  +  A.  A+i  (A.  ^)  /  ^)}  A  (z)  A  (6>) 
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o-eei  =  A' Z  Z  {^1 1™  ( “ ( r)  /  ^ ) 

n  m 

+  2ci2„„  (-(«'  -  «)/„  Ir^+n  (^„r)  /  r )  ( ai  Ob ) 

+  2ci3„„^,((n'-n)/„(^„r)/r'+^„7„^i(^„r)/r)|  5„(z)  C„(6>) 

^.1  =A^ZZ{-^u™((^  +  2)  kl+pkj)jSKer)- 2^3™  C„(^)  (MOO 

n  m 

^rei  =  A'ZZl^Cii™  (-(n^  -n)J^(k^j)/r^  +nk^^  JnAer)lr) 

n  m 

- 2ci2™  ((n^-n- {Kjf  / 2)7„ (fc„r) / r"  +  7„^j (fc„r) / r) 

+  2q3™.^.((«^-«)/„(^„r)/r^-  5Jz)  5„(0) 

=  A'ZZI-^Cii™  Jn(Ker)/r  "  Ci2m«  {^KiKsr)lr-K  JnAKs^)) 

n  m 

+  «  (^z  -  kl )  /„  (^„r)  /  r}  C„  (z)  5„  (6>) 

^zzl  =  A'ZZl^Cll^^z  {^JniKer)lr-K,  JnAer))  +  ^12mn  f^KJn(Ksr)/r 

n  m 

+  Ci3™.(^z  +  C„(Z)  C„(0) 

5„(0)  =  sin(n0) ,  C^{0)  =  cos{n9) ,  n  =  0,l,-;N 

Ke=K=(>>ICe  ,  Ks=K=^/c^  ^  P  =  XI/d 

The  Bessel  functions  in  (A5a)  through  (AlO)  are  real  when  CD  is  greater  than 

th 

both  shear  and  extensional  cut-off  frequencies  of  the  m  axial  mode 

Oi^(o'Z  =  Kc,  ^K>K  ’  (Ml) 

Since  then  (A5a)  through  (AlO)  are  valid  when  CO>k^C^  .  However,  if 

k^C^<CO<k^C^  then  J „(kre^)  ,  Yn(k^^r)  are  replaced  by  •  Similarly, 

if  OXk^C^  then  are  replaced  by  ,  K^{k^^r)  .  Expressions 

for  displacement  and  stress  similar  in  form  to  (A7)  and  (AlO)  follow  with 
appropriate  changes  in  sign  but  will  not  be  listed  here  for  shortness. 


(AlOd) 


(AlOe) 


(AlOf ) 
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Appendix  B :  Asymmetric  dynamic  solution  of  plane-strain  cylinder 

For  the  plane-strain  problem,  displacements  and  stresses  are  found  from 
Appendix  A  when  the  Z  dependence  and  axial  displacement  W  vanish. 
Expressions  for  U  and  U  are 

=  Z  {^lln  («  t  (Kef)  KKef)  “  A+1  (t/))  +  «  A  (A/)  ^  ^  }  A  (6>) 

(Bl) 

^  =  Z  {“  ^nn «  A  (A.^)  /  ^  -  Ci2„  A  A  (A/)  /(A^)  -  A+1  (A^))}  A  (^) 

n 

5„(0)  =  sin(n0)  ,  C^(6)  =  cos(n6)  ,  n  =  0,l,...,N 

Ke=K=(^lc^  ,  k^^=k^=a)/c^ 

Expressions  for  stresses  (T^^,  ^zz^^rO 


^rri  =  A' Z  {^11«  +  2)  {k^/f  +  2(n"  -  n))  A  (A.^) !  +  2A.  A+I  (A.^) ! 

(B2a) 

+  2q2„((«"  -  dA(Ah/ A  -  «A  A+i(A/)/^)}  A(^) 

^  )A(A.A/A-  2k^J^^^{k^j)lr'^ 

^  (B2b) 

=/-  S{-  2Cn.  /?  ■/.(*.'-)}  cjff)  (B2c) 

n 

=A'Z{2cii„(dA-  n)7„(A,A/A  +  «A.  A+i(A.A/^) 

(B2d) 

-2ci2„((A  -  «  -(A/)h2)7„(^„r)/A  +  A+i(A.A/r)}  5„(6>) 


Appendix  C .  Asymmetric  static  solution  of  plane-strain  cylinder 


Eor  the  homogeneous  cylinder  with  material  properties  (Aqj/Iq)  ,  the 

static  solution  is  obtained  by  solving  Eg.  (la)  with  vanishing  time 
dependence.  The  solution  takes  the  form 


M^(r,0)  =c„  r“C„(0)  ,  v{r,0)  =  c^r"  S^{0) 


(Cl) 
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where  and  are  constant  coefficients.  Substituting  (Cl)  in  (la)  yields 
the  equations 

((Ao+2^o)(a^-l)-^o'^^)c„  +  n((2o+^o)a-(2o+3^o))c^  =0 

(C2) 

n((Ao  +  ^o)a  +  (2o+3^o))c„  -((^q +2^o)n^ -^o(a^ -l)jc^  =0 

A  non-trivial  solution  requires  that  the  determinant  of  the  coefficients  of 
and  vanish.  This  yields  a  fourth  order  polynomial  in  OC  with  4  roots 

a  =  ±(n±l)  (C3) 

The  solution  (Cl)  then  takes  the  form 


n=0  /=1 

4 


(C4a) 


(C4b) 


n=0  i=l 

Substituting  each  of  the  roots  of  (C3)  in  (C2)  determines  a  relation  between 


Cu,ni  ^o,ni 


Co.ni  =  ■ 


((Ao+2^o)(Q;^,-l)-^on") 

n((Ao +^oK,' -(i) +3a^o))^“’' 


(C5) 


Substituting  (C4)  into  the  constitutive  relations  (2)  gives 

4 

s 

n=0  i=l 

4 


^)  =  Z  E  y«.-'  (i)  i^ni  +  l)  +  )  +  C,,ni  «  t  }  ^ C„  (6) 

n=0  i=l 

^00s  (f,  6')  =  Z  (i)  (««,•  + 1)  +  2a'o  )  +  c,„,-  « (i)  +  2A'o )}  t"'”'  C  (6>) 

n=0  /=1  ^  ^ 

cr^  (r,  0)  =  Aq Z  Z  [^u.ni  («„,•  + 1)  +  C  (^) 

n=0  /=1 


(C6) 


n=0  (=1 
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Substituting  (C8)  in  the  static  equivalent  of  (5a, b),  then  multiplying  (5a)  by 
(P,nn  COS(n0)  and  (5b)  by  ,  integrating  over  the  domain  ^  r  ^  , 

0  <  0  <  2;r  then  adding  the  two  equations  produces 

pZZ[®"(  K.'Z*  +  ®l*  C,,/.] 

k=Q  7=1 


k=0  j=l 


i?«»=-rU(r^-rh  k  (\  +  {r  Irf] 

mn  P  \  o  P  /  j  '  \  V  /  / 


dr 


All  other  quantities  in  (CIO)  are  defined  in  (15b, c) .  The  linear  simultaneous 
equations  (CIO)  determine  the  coefficient  S  bj,. 


Since  the  functions  are  only  trial  functions  and  not 

solutions  of  the  static  equations,  not  all  functions  are  physically 
admissible.  In  fact,  the  lowest  mode  in  =  l  for  /I  >  2  is  dropped  for  reasons  to 
follow.  Fig.  Cl(al)  plots  normalized  which  varies  exponentially  with  r. 


Fig.  Cl(bl)  and  Cl  (cl)  plot  and  which  follow  the  same 


qualitative  behavior.  For  modes  y>2i(^)A  ^31  (^)  a  y^4i(^)  etc.,  this  trend  changes 

as  shown  in  Fig.  Cl(a2,b2,c2)  as  these  functions  increase  with  r.  These 
shapes  although  consistent  with  extensional  dynamic  resonances,  are 
inconsistent  with  static  deformation  from  pressure  at  the  inner  boundary  as 

shown  in  Fig.  Cl(al)  .  Functions  with  higher  wave  number  as  y>22(^)  '  ^32 ' 

y?42(r)  etc.  (Fig.  Cl  (a3 ,  b3 ,  c3 )  )  are  all  admissible.  It  then  follows  that  for 

n^2  extensional  modes  with  m  =  l  are  inadmissible  trial  functions  excluded 
in  the  expansion  (C8)  . 


-272- 


ATK  Mission  Research 


W81XWH-04-C-0084 


References 

Armenakas,  A.,  1967.  Propagation  of  harmonic  waves  in  composite  circular 

cylindrical  shells  I:  Theoretical  investigation.  American  Institute  of 
Aeronautics  and  Astronautics  Journal  5,  740-744. 

Armenakas,  A.,  Keck,  H.,  1970.  Harmonic  non-axisymmet ric  waves  with  short  wave 

lengths  propagating  in  composite  rods.  Journal  of  the  Acoustical  Society  of 
America  48,  1160-1169. 

Baltrukonis,  J.,  1960.  Free  transverse  vibrations  of  a  solid  mass  in  an 

infinitely  long  rigid  circular  cylindrical  tank.  ASME  Journal  of  Applied 
Mechanics  27,  663-668. 

Bird,  J.,  Hart,  R.,  McClure,  F.,  1960.  Vibration  of  thick-walled  hollow 

cylinders:  Exact  numerical  solutions.  Journal  of  the  Acoustical  Society  of 
America  32,  1403-1412. 

El-Raheb,  M.,  Wagner,  P.,  1989.  Wave  propagation  in  a  thin  cylinder  that 

includes  point  masses.  Journal  of  the  Acoustical  Society  of  America  85, 
759-767 . 

El-Raheb,  M.,  2004.  Wave  propagation  in  a  hollow  cylinder  due  to  prescribed 
velocity  at  the  boundary.  International  Journal  of  Solids  &  Structures, 
41/18-19,  pp  5051-5069. 

Gazis,  D.,  1958.  Exact  analysis  of  the  plane-strain  vibration  of  thick-walled 

hollow  cylinders.  Journal  of  the  Acoustical  Society  of  America  30,  786-794. 

Heyliger,  P.,  Jilania,  A.,  1992.  The  free  vibration  of  inhomogeneous  elastic 

cylinders  and  spheres.  International  Journal  of  Solids  and  Structures  29, 
2689-2708 . 

Keck,  H.,  Armenakas,  A.,  1971.  Wave  propagation  in  transversely  isotropic 

layered  cylinders.  Journal  of  Engineering  Mechanics  97,  541-558. 

Reuter,  R.,  1969.  Dispersion  of  flexural  waves  in  circular  bimaterial 

cylinders  -  Theoretical  treatment.  Journal  of  the  Acoustical  Society  of 
America  46,  643-648. 

Steinberg,  L.,  1995.  Inverse  spectral  problems  for  inhomogeneous  elastic 

cylinders.  Journal  of  Elasticity  38,  133-151. 

Whittier,  J.,  Jones,  J.,  1967.  Axially  symmetric  wave  propagation  in  a  two¬ 
layered  cylinder.  International  Journal  of  Solids  and  Structures  3,  657- 

675. 

Yin,  X.,  Yue,  Z.,  2002.  Transient  plane-strain  response  of  multilayered 
elastic  cylinders  to  axisymmetric  impulse.  ASME  Journal  of  Applied 
Mechanics  69,  825-835. 

Acknowlegment : 


This  work  was  supported  by  a  grant  from  DARPA,  executed  by  the  U.S.  Army 
Medical  Research  and  Materiel  Command/TATRC  Contract  #  W81XWH-04-C-0084 . 

The  views,  opinions  and/or  findings  contained  in  this  paper  are  those  of  the 
author  and  should  not  be  construed  as  an  official  Department  of  the  Army 
position,  policy  or  decision  unless  so  designated  by  other  documentation. 


-273- 


ATK  Mission  Research 


W81XWH-04-C-0084 


Figure  1.  Asymmetric  mode  frequency  spectrum 
of  homogeneous  plane-strain  cylinder 


Figure  2.  Axisymmefric  sta/ic  variables  of  homogeneous  plane  strain  cylinder 
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Figure  5.  Histories  of  plane-strain  cylinder  with  9  -  inhomogeneity 
(al)-(fl)  0  =  0,  (a2)-(f2)  0  =  7t/4,  (a3)  -  (f3)  0  =  7i/4 


Figure  6.  Radial  step-wise  distribution  of  normalized 
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ii(/nussihie 


tfUhimissihle 


admisMc 


Figure  Cl.  Sample  of  low  wave  number  admissible  and  inadmissible 

trial  functions  in  static  response 

(a  1 )  UQs  static  n=0 .  (a2)  (p,j  n^2,m^J,  (aS)  fi^2,  m^2 

(hi)  (Pqj  n^O,  m=l.  (b2)  (p^j  n^3.  rn^J,  (h3)  tp22 

(cl)  (pjj  n=l,m=},  (c2}  (p4|  n=4.m^l.  (c3)  9^2  n^4,  m^2 
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APPENDIX  N 

Slides  Presented  at  MMVR  13 
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PHASE  I  OBJECTIVE 


Develcp  analytic  mcdels  describing  tissue  damage  frcm  ballistic  impact  by  lew 
veiccity  fragments  (categcries  cf  fragments  shewn  at  bettem)  penetrating  heart, 
Tissue  damage  includes  descriptiens  cf  prcjectile  trajectcry  threugh  heart  and 
tissue  damage  lateral  tc  prcjectile  trajectcry  (wound tract). 


SCOPE 


•  TASK  1  -  ANALYTICAL  SIMULATION  OF  PROJECTILE  TRAJECTORY 

-  Tissue  Mechanical  Properties 

-  Projectile  Retardation 

-  Simulation  of  Arbitrary  Projectile 

•  TASK  2  -  ANALYTIC  SIMULATION  OF  WOUND  TRACT 

-  Analytic  Simulation  of  Tissue  Transient  Response 

-  Analytic  Simulation  of  Wound  Tract  Geometry 

•  TASK  3  -  BALLISTIC  EXPERIMENTS  ON  TISSUE  SURROGATES 
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PROBLEMS/ISSUES 


•  GENERAL  PURPOSE  NUMERICAL  DISCRETIZATION  TOOLS  SUCH  AS 
FINITE  ELEMENT  CODES  CANNOT  PROPERLY  ADDRESS  PROJECTILE - 
TISSUE  INTERACTION 


-  Require  high  strain  rate  material  properties  for  human  tissue  as  input  which  do 
not  exist  and  cannot  be  acquired 

-  High  penetration  velocities  -  tissue  interaction  with  projectile  fluid-like 

-  Low  penetration  velocities  -  target  response  is  like  hyperelastic  and 
viscoplastic  solid 

-  Most  of  wound  tract  established  at  intermediate  velocities  where  multiphase 
material  interacts  with  projectile  at  high  strain  rates 

-  Require  detailed  material  models  of  failure  which  is  local  process 

•  Relevant  material  properties  do  not  exist  and  probably  cannot  be  acquired 

•  Analysis  requires  highly  refined  mesh  (frequency  content  >  MHz)  not 
consistent  with  late-time  structural  response  (frequency  content  Hz  ->  kHz) 

•  HYBRID  APPROACH  WITH  ANALYTIC  MODEL  THAT  DESCRIBES 
RESPONSE  LOCAL  TO  WOUND  TRACT  AND  PROVIDES  INITIAL/BOUNDARY 
CONDITIONS  TO  NUMERICAL  DISCRETIZATION  SCHEME  FOR  GLOBAL 
RESPONSE 


-  Require  feedback  loops  between  global  and  local  models 

CLAIMS/ASSUMPTIONS 


<  ^^^OLDIER 


•  Observation.  Empirically  observed  that  penetration  depth,  d(v),  as  a  function  of  striking  velocity,  v,  of  a 
spherical  projectile  into  soft  materials  like  gelatin  (and  presumably  soft  tissue  as  well)  have  sigmoidally  shaped 
curves  bounded  by  low  velocity  and  high  velocity  asymptotes 

•  Retarding  force  on  spherical  projectile  can  be  derived  from  the  6=S(v) 

-  More  complicated  projectile  geometries  can  be  represented  as  ensemble  of  spherical  projectiles  where 
retarding  forces  can  be  derived  by  integrating  resultant  forces  from  constituent  spheres  about  projectile 
geometry. 

•  For  Unknown  Material  (e.g.,  Human  Tissue).  The  Taylor  series  expansion  of  the  asymptotes  for  the  curves 
can  be  rigorously  derived.* 

-  Limits  of  these  asymptotes  as  v^O  and  v^oo  have  dominate  leading  terms 

-  Coefficients  of  terms  can  be  expressed  in  terms  of  independently  measured  material  properties  which 
can  be  used  to  construct  b=d(v)  for  unknown  materials 

-  8=S(v)  for  intermediate  velocities  can  be  established  by  matching  slopes  of  high  and  low  velocity 
asymptotes. 

-  Allows  determination  of  projectile  retarding  forces  in  unknown  materials  where  quasistatic  properties  are 
available 

•  Projectile  rotational  kinematics  and  trajectory  can  be  determined  by  continuum  techniques  once  retarding 
forces  specified 

•  Testing  methodology  by  measuring  quasistatic  material  properties  and  reconstructing  d=S(v)  for  unknown 
materials  which  is  then  correlated  with  experimental  b=S(v)  from  ballistic  testing 


*  A.K.  Chatterjee  and  R.  D.  Eisler,  et  al.  Ballistic  Penetration  into  Gelatin,  IMPACT,  WAVES,  AND  FRACTURE,  Proceedings  Of 
The  Werner  Goldsmith  Symposium,  sponsored  by  the  Applied  Mechanics  Division  of  the  American  Society  of  Mechanical 
Engineers  and  the  University  of  California  at  Los  Angeles,  Los  Angeles,  28  -  30  June  1995,  ASME  Applied  Mechanics  Division, 
Volume  205,  pp.  9-20,  1995 
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METHODOLOGY 


Wound  tract  sum 
of  initially  failed 
material  and 
inelastic  strain 
accumulated 
from  hysteresis 


MODEL  PARAMETERS  EXPRESSED  IN  TERMS  OF 
CURRENTL  Y  A  VAIL  ABLE  HUMAN  TISSUE  PROPERTIES 
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Low  Velocity 
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High  Velocity 
Asymptote 

figh  Velocity  Asymptote  can 
be  reconstructed  from 
material  densities  which  is 
available  for  human  tissue 


Intermediate  Velocities  can  be 
deduced  from  matching  slopes 
of  the  high  and  low  velocity 
asymptotes 


Low  Velocity  Asymptote  can 
be  reconstructed  from 
quasistatic  material  properties 
which  is  available  for  human 
tissue 


Ballistic  Penetration  data  for 
0.17  in  diameter  sphericai 
projectiies  into  20%  ordnance 
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SIMULATED  RESULTS  FROM  ANALYTICAL  CODE 


1- 

*r 


12  Inches  - 


9  Inches 


903  microseconds 


Simulation  of  Projectiie  Rotation  and  Trajectory 
from  Baiiistic  Impact  by  30  cal.  Cut  Cylinder  at 
1,400  feet/sec  into  20%  Ordnance  Geiatin 


FIRST 2-1/2  INCHES  OF  WOUND  TRACT 
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400 


n 


microseconds  microseconds  1 .25  milliseconds 


30  Caiiber,  0.6  inch  iong,  45 
degree  “cut”  cyiinder 
projectiie 


5  milliseconds 


COMPARISON  BETWEEN  ANALYTICAL  RESULTS  AND 
BALLISTIC  EXPERIMENTS 


Comparison  between  Simulated  (- 
and  Experimental  Data  (A) 


Rotational  Angle  versus  Time 


Wedge  Orientation  at  impact 


U) 

0) 

Q 

0) 

O) 

c 

< 

c 

o 

s 

o 

cc 


50  too 

Time  (microseconds) 


-285- 


ATK  Mission  Research 


W81XWH-04-C-0084 


NEXT  STEP:  FRAGMENT  IMPACT  INTO  HUMAN  LEFT 
VENTRICLE 


Fragment  Ballistic  Impact 


Pressure  Contours  on 
Impact  Surface  of  Left 

Ventdclg^Ly) 

J%ocardium 
/  Impact  by  Wedge 


Pressure  Contours 
Through  Thickness  of 
LV  Myocardjjjm  from 
lmp§0|rf9^P||^e 


Impact  of  Cylindrical 
Projectile  on  LV 


Material  Location 


Strain  Contours 


Through  Thickness  of 
ium  from 


Wound  Tract  Through 
from 
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APPENDIX  O 
BRIDGE  EFFORT 

Behind  Armor  Response  to  Non-Penetrating 
Projectiles  and  Blast 
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A  series  of  2D  Hydro  code  calculations  was  conducted  to  address  various  mechanical  response 
modes  of  ceramic  breast  plates  used  in  current  body  armor.  Of  particular  interest  were  stresses 
promoted  at  the  interface  between  the  ‘catcher’  portion  of  the  vest  and  human  tissue  behind  the 
plate  for  an  incident  threat  (blast  or  projectile)  that  is  defeated  by  the  armor.  Moreover,  future 
upgrades  entail  increasing  the  performance  (ballistic  limit)  of  the  plate  so  this  in  turn  will  also 
increase  the  stresses  transmitted  to  the  tissue. 

The  initial  analysis  yielded  good  correlation  with  published  ballistic  limits  for  the  baseline  4.8 
Pounds  per  Square  Foot  (psf)  protective  vest  design.  This  plate  is  designed  to  defeat  a  7.62  M80 
ball  round  at  muzzle  velocity.  The  baseline  plate  consists  of  a  0.27-inch  thick  Boron  Carbide 
Plate  fixed  to  0.29-inch  (45  layer)  Spectra  Shield.  Subsequent  analysis  included  and  enhanced 
design  with  an  areal  density  of  5.9  psf  which  was  designed  to  defeat  a  7.62  APM2  threat.  At  a 
nominal  striking  velocity  of  2900  fps  (muzzle  velocity)  normal  to  the  plate  impact  surface,  the 
stresses  at  the  interface  between  the  Spectra  Shield  backer-plate  and  human  tissue  were 
significantly  reduced  compared  to  the  impact  surface  stresses.  However,  these  stresses  were  still 
significant.  The  high  mechanical  impedance  of  the  ceramic  plate  which  is  designed  to  cause  high 
impact  stresses  that  fragment  the  incident  projectile  also  result  in  high  stresses  promoted  in 
underlying  tissue. 

The  2D  hydrocode  model  that  was  developed  for  this  effort  is  shown  in  Figure  0-1. 


FIGURE  0-1.  Hydro  code  Model  for  Baseline  SAPI  Configuration 
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Snapshots  of  the  early  time  (3.6  psecs.)  and  late  time  (73  psecs.)  material  response  of  the 
projectile  and  target  are  shown  in  Figures  0-2a  and  b.  At  early  time  it  is  seen  that  the  nose  of  the 
projectile  has  failed  as  well  as  the  front  surface  of  the  ceramic.  At  late  time  it  is  seen  that  the 
projectile  has  been  defeated  and  is  fragmented.  A  cone  of  the  ceramic  material  has  failed  and 
there  is  significant  deformation  and  initial  failure  near  the  centerline  of  the  Spectra  Shield  back- 
plate. 

The  velocity  versus  time  in  the  center  potion  of  the  projectile  for  the  cases  of  a  nominal  2900  fps 
(no  penetration)  and  a  3000  fps  (penetration)  are  shown  in  Figure  0-3.  It  is  predicted  that 
ceramic  and  projectile  failure  occur  around  30  psec  leading  to  the  ‘blip’  in  the  velocity  shown  in 
the  associated  figures 


FIGURE  0-2a,  b.  Early/Late  Time  Material  Response  of  Projectile/Target  at  Nominal 

Striking  Veiocity 

AUTODYN-2D  v6.1  from  Century  Dynamics 


Gauge  History  | )  Gauge#  3 


FIGURE  0-3.  Velocity  versus  Time  for 
2900  and  3000  fps 
Striking  Velocities  (2900 
fps  event  is  defeated  and 
3000  fps  event  fully 
Penetrates  armor). 
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The  resulting  projectile/target  response  for  the  3000  fps  impact  case  at  late  time  (72  psecs.)  is 
shown  in  Figure  0-4.  Note  that  the  projectile  has  failed  but  penetrated  the  Spectra  Shield. 


FIGURE  0-4.  Late  Time  Material  Response  of  Projectile/Target  at  3000  fps  Striking 

Velocity 

Once  correlation  was  achieved  with  published  data  for  the  ceramic  breast  plate  in  isolation,  the 
analysis  was  repeated  using  the  configuration  above  backed  by  0.2-inches  of  ordnance  gelatin 
simulating  human  tissue.  Of  interest  in  this  case  was  the  stresses  developed  in  the  gelatin  given 
that  the  Spectra  Shield  was  not  penetrated.  The  geometry  is  shown  in  Figure  0-5 


Figure  0-5.  Hydrocode  Model  for  Ceramic  Breast  Plate  and  Gelatin  Backing 
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The  state  of  the  materials  at  late  elapsed  times  following  impact  assuming  Gelatin  is  bonded  to 
the  Spectra  Shield  (SS)  is  shown  in  Figures  0-6a  and  b.  The  location  of  the  corresponding 
materials  is  shown  in  Figure  0-7. 


FIGURE  6  a,b.  Late-Time  Material  Failure  of  Ceramic  Breast  Plate  and  Gelatin 

Configuration 


FIGURE  0-7.  Late-Time  Material  Location  for  Ceramic  Breast  Plate  and  Gelatin 

Configuration 


The  thru  the  thickness  stress  versus  time  histories  for  the  ceramic/SS  interface  (Gauge  23),  rear 
of  SS  (Gauge  27),  near  front  surface  of  gelatin  (Gauge  28)  and  middle  of  gelatin  (Gauge  30)  are 
shown  in  Figure  0-8a.  The  near  impact  surface  stress  is  compared  with  the  ceramic/SS  interface 
stress  in  Figure  0-8b. 
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k 


Gauge  History  (  vestgeH  ) 
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FIGURE  0-8a  ,b.  Stress  versus  Time  for  Various  Locations  in  Ceramic  Breast  Piate  and 

Gelatin  Configuration 


A  comparison  of  the  peak  stresses  at  various  locations  is  given  in  Table  0-1.  It  is  seen  that  a 
substantial  amount  of  attenuation  occurs  as  the  impact  induced  pulse  propagates  thru  the  various 
layers  but  the  stresses  created  in  the  gelatin  are  still  sufficient  to  cause  tissue  damage. 

TABLE  0-1.  Summary  of  Peak  Stresses  in  Materiais 


Location 

Peak  Stress  (ksi) 

%  of  Peak  Stress 

Failure  Stress 
(ksi) 

Near  Impact  Site 

1700 

100 

Ceramic/S  S  Interface 

100 

6 

Back  of  SS 

5 

0.3 

Near  Front  Surface  of 
Gelatin 

15 

0.6 

0.4 

Middle  of  Gelatin 

7 

0.4 

0.4 

The  late  time  state  of  the  various  materials  is  shown  in  Figure  0-9. 
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AUTODYN-2D  v6 


vestgeff 
Cycle  500db 
Time  9.277E-002 
Units  mm,  mg,  m 
Axial  symmetry 


FIGURE  0-9.  Late-Time  Material  State  for  Ceramic  Breast  Plate  and  Gelatin  Configuration 

An  additional  set  of  hydrocode  calculations  were  conducted  to  address  the  response  of  behind 
armor  tissue  to  non-penetrating  APM2  and  blast  wave  loading.  Of  interest  are  the  character  of  the 
stress  pulse  and  the  deformation  of  the  tissue  stimulant  behind  the  armor.  An  APM2  projectile 
traveling  at  2900  fps  and  a  blast  wave  of  several  hundred  psec  and  1  Bar  peak  stress  and  a 
rapidly  rising  blast  pulse  of  several  msec  and  a  6.8  Bar  rapidly  rising  blast  pulse  were  modeled. 

The  projectile  which  did  not  penetrate  the  vest  transferred  much  of  its  momentum  to  the  vest 
which  then  impacted  the  tissue  simulant.  Damage  in  the  Spectra  Shield  resulted  in  damage  to  the 
gelatin.  The  projectile  then  rebounded  resulting  in  enhanced  momentum  transfer  to  the  target. 

The  lower  peak  pressure  blast  pulse  cased  significant  deformation  in  the  gelatin  and  ceramic 
breast  plate  enhanced  which  also  promoted  significant  induced  stresses.  The  higher  magnitude 
pressure  blast  pulse  caused  significant  damage  to  the  tissue  simulant. 

A  2D  hydro  code  model  was  constructed  as  shown  in  Figure  0-10.  In  this  case  the  tissue 
stimulant  was  ‘stood’  off  from  the  Spectra  Shield  by  approximately  1.6  mm  which  just  allows  the 
Spectra  Shield  to  impact  the  gelatin.  The  rear  of  the  gelatin  is  assumed  to  be  a  transmitting 
boundary  thus  allowing  the  stress  pulse  to  be  transmitted  without  and  reflection  at  the  boundary. 
The  first  simulation  was  run  using  the  APM2  projectile.  The  tissue  simulant  is  restrained  from 
moving  in  the  direction  of  the  projectile  impact. 
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Figure  0-10.  Hydrocode  Model  for  Ceramic  Breast  Plate  and  Gelatin  Configuration 

Snapshots  of  the  stress  contours  in  the  materials  just  after  contact  of  the  Spectra  Shield  on  the 
gelatin  (57  psecs.)  and  late  time  (210  psecs.)  when  significant  deformation  of  the  gelatin  occurs 
are  shown  in  Figure  0-1  la  and  b. 


FIGURE  0-1  la  ,b.  Early/Late  Time  Material  Response  of  Projectile/Tissue 
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A  plot  of  stress  versus  time  in  the  tissue  simulant  along  the  centerline  is  shown  in  Figure  0-12. 
Note  that  the  stress  pulse  with  any  significant  duration  (5  psecs)  and  has  an  average  magnitude  of 
about  300  bars.  The  gelatin  displaces  about  1.6  mm  in  the  210  msecs  time-interval  in  which  the 
problem  was  run 


Gauge  History  ( vestgel2sep2  ) 


FIGURE  0-12.  Stress  vs.  Time  Near  Front  of  Gelatin 


The  second  set  of  analysis  was  conducted  assuming  a  prescribed  blast  wave  loading  on  the 
ceramic  front  surface  of  the  target.  In  this  case  the  pulse  was  assumed  to  rise  rapidly  over  20 
psecs  to  a  peak  pressure  of  1  bar  (100  KPa)  and  decay  linearly  to  zero  in  230  psecs.  The  model  is 
shown  in  Figure  0-13. 
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FIGURE  0-13.  Model  of  Ceramic  Breast  Plate  and  Gelatin  Configuration 


-295- 


ATK  Mission  Research 


W81XWH-04-C-0084 


The  thru  the  thickness  stress  versus  time  for  a  point  near  the  front  of  the  gelatin  is  shown  in 
Figure  0-14.  Note  that  at  about  0.41  msec  the  rear  of  the  Spectra  Shield  impacts  the  gelatin 
causing  a  very  short  duration  pressure  spike.  The  stress  contours  at  this  impact  time  are  shown  in 
figure  0-15.  Recall  that  the  peak  impact  stress  is  lOOkPa.  The  peak  stress  in  the  gelatin  is  more 
than  twice  this  value. 

Gauge  History  (  vestgel2sep2pr1  ) 


Figure  0-14.  Stress  vs.  Time  Near  Front  of  Geiatin 


FIGURE  0-15.  Stress  vs.  Time  Near  Front  of  Gelatin 
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The  impulse  delivered  by  the  surface  loading  pulse  results  in  momentum  generation  in  the 
targets.  The  time  history  of  the  momentum  in  the  various  layers  is  shown  in  Figure  0-16.  Note 
that  the  tissue  simulant  ultimately  contains  about  10%  of  the  momentum  of  the  target. 


Part  Summary  (  vestgel2sep2pr1  ) 
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Figure  0-16.  Momentum  versus  Time  in  the  Various  Layers 


The  final  set  of  analysis  was  conducted  assuming  a  more  severe  blast  wave  loading  on  the  front 
surface  of  the  target.  In  this  case  the  pulse  was  assumed  to  rise  rapidly  over  20  psecs  to  a  peak 
pressure  of  6.8  bar  (680  KPa)  and  decay  linearly  to  zero  in  5  msecs.  The  thru  the  thickness 
stresses  versus  time  near  the  ceramic,  Spectra  Shield  and  tissue  front  surfaces  are  shown  in 
Figure  0-17.  It  is  noted  that  at  about  0.12  msec  the  rear  of  the  Spectra  Shield  impacts  the  gelatin 
causing  a  very  short  duration  pressure  spike.  Recall  the  peak  impact  stress  is  680  KPa.  The  peak 
stress  in  the  gelatin  is  ~  3  times  this  value.  In  this  loading  case,  the  gelatin  is  predicted  to  undergo 
significant  failure  as  shown  in  Figure  0-18. 


The  impulse  delivered  by  the  surface  loading  pulse  results  in  momentum  generation  in  the 
targets.  The  time  history  of  the  momentum  in  the  various  layers  is  shown  in  Figure  0-19  and  is 
significantly  different  in  character  than  that  shown  for  the  previous  loading  case.  Note  that  the 
gelatin  again  ultimately  contains  about  10%  of  the  momentum  of  the  target. 


Both  the  projectile  and  the  blast  pulses  will  cause  the  vest  to  impact  the  gelatin  causing 
significant  deformation  and  stress.  The  peak  stresses  transmitted  to  the  gelatin  could  in  theory  be 
mitigated  by  designing  ‘poorer’  mechanical  coupling  of  the  vest  via  clothing  or  a  larger  standoff. 
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Gauge  History  (  vestgel2sep2pr100  ) 
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FIGURE  0-17.  Stress  versus  Time  in  the  Various  Layers 
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FIGURE  0-18.  Material  State  at  1  msec. 
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Part  Summary  (  vestgel2sep2pr100  ) 

tt 


FIGURE  0-19.  Momentum  versus  Time  in  the  Various  Layers 

A  comparison  of  the  peak  stresses  at  various  locations  is  given  in  Table  0-2.  It  is  seen  that  a 
substantial  amount  of  attenuation  occurs  as  the  impact  induced  pulse  propagates  through  the 
various  layers  but  the  stresses  created  in  the  tissue  are  still  significant. 

Table  0-2.  Summary  of  Peak  Stresses  in  Materials 


Location 

Peak  Stress  (ksi) 

%  of  Peak  Stress 

Failure  Stress 
(ksi) 

Near  Impact  Site 

1700 

100 

Ceramic/SS  Interface 

100 

6 

Back  of  SS 

5 

0.3 

Near  Front  Surface  of 
Gelatin 

15 

0.6 

0.4 

Middle  of  Gelatin 

7 

0.4 

0.4 
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